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We report on the determination of a high qualityab initio potential energy surface~PES! and dipole
moment function for water. This PES is empirically adjusted to improve the agreement between the
computed line positions and those from theHITRAN 92 data base withJ<5 for H2

16O. The changes
in the PES are small, nonetheless including an estimate of core~oxygen 1s) electron correlation
greatly improves the agreement with the experiment. Using this adjusted PES, we can match 30 092
of the 30 117 transitions in theHITRAN 96 data base for H2

16O with theoretical lines. The 10, 25, 50,
75, and 90 percentiles of the difference between the calculated and tabulated line positions are
20.11, 20.04, 20.01, 0.02, and 0.07 cm21. Nonadiabatic effects are not explicitly included.
About 3% of the tabulated line positions appear to be incorrect. Similar agreement using this
adjusted PES is obtained for the17O and18O isotopes. For HD16O, the agreement is not as good,
with a root-mean-square error of 0.25 cm21 for lines with J<5. This error is reduced to 0.02
cm21 by including a small asymmetric correction to the PES, which is parameterized by
simultaneously fitting to HD16O and D2

16O data. Scaling this correction by mass factors yields good
results for T2O and HTO. The intensities summed over vibrational bands are usually in good
agreement between the calculations and the tabulated results, but individual line strengths can differ
greatly. A high-temperature list consisting of 307 721 352 lines is generated for H2

16O using our
PES and dipole moment function. ©1997 American Institute of Physics.
@S0021-9606~97!03810-5#
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I. INTRODUCTION

The rovibrational spectrum for the ground state of wa
is of considerable interest for a number of applicatio
These areas include astronomy and astrophysics, studie
volving the atmospheres of planets, and simulations invo
ing combustion. Consequently, there is a large amoun
experimental data. The consumers of the water spectra
quire line positions and line intensities at particular tempe
tures over a wide range of intensities. In principle, much
this information can be obtained from experiment, but
practice this is difficult because it is necessary to prope
assign all of the transitions in order to model the tempera
dependence. Also, weak transitions are difficult to meas
under terrestrial conditions. For astrophysical application
particular, the existing data bases are inadequate. On our
there are about 50 lines/cm21 in the sunspot spectrum,1 and
experimental data bases only allow the assignment of a h
ful of lines to water, even though many more water lines
present. In cooler stars with surface temperatures in the ra
2000–4000 K, there can be a high concentration of mole
lar species in their atmospheres. Consequently, the spect
these stars are very complex, being dominated by m
overlapping molecular bands containing typically 104-107

lines each. For oxygen rich stars, water can be a m
absorber,2 and the large number of very weak lines can be
important factor governing the predicted size of the ste
atmospheres.3 In contrast to the experimental situation, th
oretical calculations of the opacity are more straightforw
in that a complete and consistent data set can be gener
The challenge is to obtain sufficient accuracy in the da
4618 J. Chem. Phys. 106 (11), 15 March 1997 0021-9606/97
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Theoretical spectra have been generated for astrophysica
plications, but the existing spectra4–6 are not sufficiently
complete and accurate. In the present work we present re
that are of much higher accuracy and completeness than
viously reported.

Significant progress has been made in algorithms
computing the rotational–vibrational energy levels and
tensities of triatomic molecules. Thus, this aspect of
problem is largely solved. The calculations require both
accurate potential energy surface~PES! and a dipole momen
surface~DMS!. Ab initio calculations provide an efficien
method for determining the DMS. However, very high qu
ity is required for the PES because it is necessary to pre
the rotational–vibrational energy levels to very high acc
racy, to better than 0.1 cm21. While the accuracy ofab initio
calculations has improved dramatically in recent years,7 the
errors in the best polyatomic potential energy surfaces
still two to three orders of magnitude larger than this. Ben
mark calculations have shown that the convergence with
sis set expansion is slow. In addition, effects often neglec
such as core correlation~oxygen 1s) shifts the harmonic
frequencies significantly.8 Hence, while the errors in the
computed potential energy surfaces should be systemat
will be necessary to use experimental data to refine anyab
initio potential in order to achieve spectroscopic accura
Currently the best available PESs9–11 for H2

16O are based on
optimization of model potential parameters via a le
squares fit to measured rotational–vibrational levels with
sentially no input fromab initio calculations. In contrast, by
starting from theab initio potential and then making sma
/106(11)/4618/22/$10.00 © 1997 American Institute of Physics
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4619H. Partridge and D. W. Schwenke: Potential energy surface for water
corrections to it, we can obtain higher accuracy with few
parameters. It appears that this is possible only when theab
initio potential is of sufficiently high quality. In addition to
fitting the existing experimental data better than a comple
empirical PES, it is expected that our PES will give a mu
more reliable extrapolation to regions not sampled by l
temperature experimental data.

In this work we reportab initio calculations for water
that are significantly more accurate and extensive than
vious work.4,12–16We will present a fit to theab initio ener-
gies and dipole moment. We optimize selected paramete
the fit of the PES to improve the agreement with the o
served rovibrational transitions. We show that the diff
ences in the parameters from theab initio fit are small and
the changes in the PES are consistent with the changes
pected with improvements in the calculations. This PES
DMS are used to generate a high-temperature~4000 K! line
list for water.

The rovibrational energy levels are obtained from var
tional calculations using an exact kinetic energy operator
analytic basis functions and do not explicitly include non
diabatic corrections. The experimental data used for adj
ing the PES is taken primarily from theHITRAN 92 data
base.17 However, comparisons are also made to theHITRAN

96 data base,18 which became available during the course
this work.

This paper is organized as follows: in Sec. II we discu
our ab initio methods, in Sec. III we give the fit to the PE
followed by the fit to the DMS in Sec. IV. In Sec. V we giv
our methods for determining the rovibrational energy leve
This is followed by the description of the empirical modi
cations to the PES in Sec. VI, a discussion of the res
obtained on that PES in Sec. VII, our results for the differ
isotopes in Sec. VIII, and then a comparison of the empir
PES and the expected errors in theab initio results in Sec.
IX. Finally, we give our conclusions in Sec. X.

II. AB INITIO METHODS

The basis sets employed are the correlation consis
polarized valence basis sets of Dunning and co-worker19

These basis sets have been optimized to obtain the at
correlation energy. The incremental energy lowerings w
found to fall into distinct groups,19 providing a criteria for
obtaining systematic convergence to the complete basis
limit. The PES that is reported utilizes the cc-pV5Z basis
augmented with a diffuses, p, andd on oxygen and ans
andp on hydrogen. The exponents for the diffuse functio
are taken from the augmented~aug! correlation consisten
sets. The oxygen basis set is of the for
(15s 9p 5d 3f 2g 1h)/@7s 6p 5d 3f 2g 1h# and the hydro-
gen basis is of the form (9s 5p 3d 2f 1g)/
@6s 5p 3d 2f 1g#. Calibration calculations utilize the cc
pVTZ, cc-pVQZ, and the cc-pV6Z20 basis sets. The cc
pVTZ and cc-pVQZ sets are augmented in the same ma
as the cc-pV5Z set using the corresponding augmented
The cc-pV6Z basis set is not augmented because of the c
putational expense and previous work21 on N2 indicates that
J. Chem. Phys., Vol. 106,
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additional augmentation is unnecessary. In short, we will c
these basis sets TZ, QZ, 5Z, or 6Z. The number of contrac
functions in the calculations were TZ~75!, QZ~132!,
5Z~218!, and 6Z~322!.

To study the effect of the 1s correlation, the cc-pVQZ
set is modified. The seven inner 1s functions are contracted
to two functions using the coefficients from the cc-pVQ
basis set. The outer fives functions are uncontracted as a
the sixp functions. Two tightd and f functions are added to
the (3d 2f 1g) polarization set given by Dunning. The ex
ponents of the added functions are 10.962 and 31.83 for
d functions and 8.274 and 25.68 for thef functions. The
basis set is augmented with a diffuses, p, andd on oxygen
and ans andp on hydrogen using the aug-cc-pVQZ exp
nents. This core basis set, developed to treat both core
valence correlation, is of the form (12s 6p 5d 4f 1g)/
@7s 6p 5d 4f 1g#, and is designated CQZ. For calibration,
cc-pV5Z core set~C5Z! is derived in a similar manner. Th
outer six s functions are uncontracted as are the eightp
functions. The basis set is augmented with the diffuse fu
tions used for the valence basis set and with two tightd, f ,
and g polarization functions; the exponents ared ~14.7,
36.74!, f ~10.04, 25.1!, andg ~8.38, 20.94!.

The orbitals are optimized using the complete act
space self-consistent-field~CASSCF! approach. All of the
calculations are performed inCs symmetry with sixa8 and
two a9 orbitals and eight electrons active. This active spa
gives a balanced description for all geometries. More ext
sive correlation is included using the multireferen
configuration-interaction~MRCI! approach. All configura-
tions in the CASSCF wave function are used as reference
the MRCI calculations. The same reference space is u
when the 1s correlation is treated. The effect of higher exc
tations is accounted for using the multireference analog
the Davidson correction~denoted 1Q!. The internal
contraction22 ~IC! is utilized to keep the calculations man
ageable. The dipole moment was calculated as an expe
tion value.

In Table I we investigate the convergence with respec
the level of correlation in the TZ-based basis set. The diff
ence between the ICMRCI1Q and MRCI1Q results shows
that the internal contraction error is small, but increases w
the excitation energy. Expanding the active space has on
small effect on the ICMRCI1Q results. Previous
comparisons23 have shown that the ICMRCI and MRCI re
sults converge as the active space is expanded. This sug
there is a cancellation of errors, as the difference between
ICMRCI1Q results is small for the~62! and ~84! active
spaces. These calculations suggest that the error introd
by evaluating the dipole moment as an expectation va
rather than an energy derivative is small. Note, however,
the dipole moment calculated in this way does not inclu
the effect of the Davidson correction.

In Table II we report the core correlation contributio
determined at various levels of theory. The correcti
DVcore is defined as the difference of the energies from
valence only and core and valence electron calculation.
these calculations, we use the averaged coupled pair f
No. 11, 15 March 1997
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TABLE I. Convergence of potential with correlation treatment. The zero of energy is atr 15r 250.9587,
u5104.3850. Bond lengths in Å, angle in degrees, and energies in cm21.

Geometry
ICMRCI1Q

~6,2!a
MRCI1Q

~6,2!a CCSD~T!
ICMRCI1Q

~7,3!a
ICMRCI1Q

~8,4!a
ICMRCI1Q

~9,4!au r 1 r 2

160 0.9 1.0 10 804.62 10 826.05 10 786.38 10 805.79 10 801.38 10 803
170 0.9 1.0 12 251.49 12 232.38 12 255.85
180 0.9 1.0 12 770.96 12 751.59 12 770.26
140 0.9 1.0 6383.97 6370.16 6380.11
120 0.9 1.0 2406.71 2415.21 2399.63 2403.65 2407.77
100 0.9 1.0 1328.26 1327.45 1329.79
80 0.9 1.0 4913.93 4904.25 4917.86 4920.47 4912.12 4911.9
60 0.9 1.0 14 769.42 14 748.22 14 774.16 14 799.00
50 0.9 1.0 23 204.09 23 175.62 23 208.63 23 214.09
40 0.9 1.0 36 553.09 36 560.36 36 558.54

aThe pair specifies the number of active orbitals in each symmetry.
d
-

re

is
the

the
tional ~ACPF! method24 or the coupled–cluster singles an
doubles~CCSD! approach25 including a perturbational esti
mate of the triple excitations26 @CCSD~T!#. This is because it
is necessary to use a size extensive method when diffe
numbers of electrons are correlated.21,27 Employing the
J. Chem. Phys., Vol. 106,

ov¬2009¬to¬143.232.215.59.¬Redistribution¬subject
nt

CCSD~T! method to determineDVcore gives a core contribu-
tion that is slightly smaller than the ACPF results. This
consistent with previous results for other systems where
ACPF core contribution is larger than the CCSD~T! result.
DVcore is insensitive to improvements in the basis set:
TABLE II. Core contribution. Core contribution computed as energy difference E~valence!2E~core!. CCSD~T!
energy values reported to give indication of relative energies. The zero of energy is atr 15r 250.9587,
u5104.3850. Bond lengths in Å, angle in degrees, and energies in cm21.

Geometry
CCSD~T!
CQZ

Core~CCSD~T!!
CQZ

Core~ICACPF!
CQZ

Core~CCSD~T!!
C5Zu r 1 r 2

60.00 0.80 0.90 26 391.79 68.175 69.883
80.00 0.80 0.90 14 110.82 78.638 81.515
100.00 0.80 0.90 9080.65 92.059 96.277
104.52 0.80 0.90 8721.73 95.851 100.350 97.188
110.00 0.80 0.90 8610.83 100.860 105.673
120.00 0.80 0.90 9198.06 111.120 116.409
140.00 0.80 0.90 12 427.97 134.955 140.685
160.00 0.80 0.90 16 190.11 157.515 163.089
160.00 0.80 0.80 22 080.52 202.353 209.172
170.00 0.80 0.80 23 210.10 208.685 215.965
140.00 0.80 0.80 18 623.71 181.955 189.418 184.694
104.52 0.90 1.00 1185.30 9.418 9.925
90.00 0.90 1.00 2433.54 21.953 22.792
70.00 0.90 1.00 8914.86 213.234 215.866
110.00 0.90 1.00 1339.51 14.595 15.576
170.00 0.90 1.10 16 071.70 63.110 63.643
160.00 0.90 1.10 14 501.91 52.836 53.842 53.675
140.00 0.90 1.10 9771.17 24.539 25.874
120.00 0.90 1.10 5490.24 21.517 21.244 21.481
110.00 0.90 1.10 4290.82 212.045 212.622
104.52 0.90 1.10 4014.93 217.073 218.157
100.00 0.90 1.10 4018.60 220.841 222.356 221.086
60.00 0.90 0.95 15 468.74 21.870 24.150
80.00 0.90 0.95 4992.74 8.478 7.686
100.00 0.90 0.95 1028.03 22.195 23.181
104.52 0.90 0.95 851.66 26.109 27.478
110.00 0.90 0.95 940.98 31.299 33.114
120.00 0.90 0.95 1846.92 42.045 44.567
140.00 0.90 0.95 5610.47 67.655 70.956
160.00 0.90 0.95 9816.55 93.180 96.281
170.00 0.90 0.95 11 185.57 101.716 104.571
175.00 0.90 0.95 11 551.74 104.038 106.810
180.00 0.90 0.95 11 676.04 104.830 114.226

.
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4621H. Partridge and D. W. Schwenke: Potential energy surface for water
C5Z basis set gives nearly the same contribution as the C
basis set. This suggests that we are slightly overestima
the core contribution in this work.

In Table III we show the results of a basis set conv
gence study. The energies have not been corrected for b
set superposition error~BSSE!. It is not clear how to correc
for BSSE in the present situation. The basis set effec
largest for the near-linear points, which is expected based
symmetry arguments. If we assume that the energies
verge logarithmically with improvement in the basis set, th
we can extrapolate to the basis set limit,28 and we include the
extrapolated values in Table III. The extrapolations use
three largest basis sets given for each geometry. Note
extrapolation is not possible at all geometries—sometim
the energy oscillates. Other extrapolation formulas exis29

and using them as well gives some idea of the reliability
the extrapolations. This indicates an uncertainty of sev
cm21. It is interesting to compare the results of the two-po
extrapolation formula29 using the QZ and 5Z data to the re
sults from the exponential extrapolation. The two-point fo
mula gives the extrapolated energy as the 5Z energy
0.812 times the difference between the 5Z and QZ energ
Computing the average ratio of the difference between
extrapolated and 5Z energies to the difference between
5Z and CQZ ACPF energies yields the fraction 0.87, wh
is close to the predicted value.

The ICMRCI and CCSD~T! calculations were performe
with MOLPRO-94~Ref. 30! and the uncontracted MRCI calcu
lations were performed withMOLECULE/SWEDEN.31 All cal-
culations were carried out on a Cray C90 at the NASA Am
Research Center.

The geometries are specified by the two O–H bo
lengths and the angle between them. The majority of
points computed correspond to a grid withr50.7, 0.8, 0.9,
0.95, 1.0, 1.1, 1.2, 1.3, 1.5, and 1.7 Å andu5 30°, 40°, 60°,
80°, 100°, 120°, 140°, 160°, 170°, and 180°. In addition
number of points were added to characterize other region
the surface. This includes points needed to determine a q
tic representation, points describing O1H2 and OH1H, and
additional cuts within the grid.

The energy and dipole moment function were compu

TABLE III. Convergence with basis set expansion. The zero of energy i
r 15r 250.9587, u5104.3850. Bond lengths in Å, angle in degrees, a
energies in cm21.

Geometry Basis set

Extrapolatedu r1 r2 TZ QZ 5Z 6Z

180 0.9 1.0 12 770.11 12 635.18 12 572.19 12 517.
170 0.9 1.0 12 250.68 12 121.27 12 061.22 12 030.69 11 999
160 0.9 1.0 10 803.90 10 689.61 10 637.12 10 611.47 10 587
140 0.9 1.0 6383.55 6307.45 6273.21 6245.2
120 0.9 1.0 2406.55 2355.52 2337.79 2331.72 2328
100 0.9 1.0 1328.17 1301.46 1302.07
80 0.9 1.0 4913.60 4905.81 4914.04 4915.44 4915
60 0.9 1.0 14 768.43 14 753.11 14 751.53 14 749.67
50 0.9 1.0 23 202.55 23 174.87 23 161.03 23 155.23 23 151
40 0.9 1.0 36 550.67 36 503.41 36 472.92 36 417.
J. Chem. Phys., Vol. 106,
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at 771 points using the 5Z basis set. For the points be
40 000 cm21, the core contribution was also determined u
ing the CQZ basis. The geometries, energies, and dipole
ments are available from E-PAPS.32 The grid employed is
sufficiently dense to accurately define the PES to 35 00
40 000 cm21. There are 285 points above 40 000 cm21,
which are useful in helping define the high-energy portio
of the surface, but the density of points is not sufficient
accurately specify the surface in this energy range. It sho
be noted that we have followed the lowest energy surface
A8 symmetry. Thus, for the linear geometries we swit
from the1S1 to the1P states asr increases.

III. ANALYTIC REPRESENTATION OF THE PES

The most popular analytic representation of the PES
H2O is the power series in the Morse transformed OH bo
lengths and the cosine of the HOH angle that was introdu
by Jensen.33 In the present work we use an alternate for
more similar to the many body expansion popularized
Murrell and co-workers.34 We do this for several reasons
The first is that the Jensen form is not capable of dissocia
properly—even when only one bond length goes to infini
the potential depends on the HOH angle. This is not to
that the present potential properly accounts for the comp
crossings and avoided crossings in the asymptotic limit35

but it does become isotropic as any atom is pulled aw
This improves the agreement with theab initio energies of
the H1OH geometries, which are given small weights in t
fitting procedure. The second reason is that the represe
tion of the potential for short HH distances is not reasonab
This can also be improved by adding a post-hoc correc
term.36 The final reason for preferring a different form is o
difficulty in obtaining a globally reasonable fit using th
Jensen expansion. In order to obtain small fitting errors
was necessary to use a large number of terms, and
higher-order terms did not extrapolate very well, giving ri
to spurious minima outside the region where data w
present. Note the fit to the 5Z ICMRCI1Q energies used in
Ref. 37 was a preliminary one using the Jensen expans
and also included a fit to a preliminary estimate of the effe
of core correlation.

The form finally adopted is

V5Z~r 1 ,r 2 ,u!5Va~r 1!1Va~r 2!1Vb~rHH!

1Vc~r 1 ,r 2 ,u!, ~1!

where ther i are the OH bond lengths,u is the HOH angle,

Va~r !5D$exp@22a~r2r 0!#22 exp@2a~r2r 0!#%, ~2!

Vb~r !5A exp~2br !, ~3!

rHH the HH distance, and

Vc5c0001exp$2b@~r 12r e!
21~r 22r e!

2#%

3(
i jk

ci jk@~r 12r e!/r e#
i@~r 22r e!/r e#

j

3@cos~u!2cos~ue!#
k. ~4!

at
No. 11, 15 March 1997
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4622 H. Partridge and D. W. Schwenke: Potential energy surface for water
The parametersD, a, r 0 , A, b, and theci jk were determined
by performing an unequally weighted least squares fit to
ab initio data~ICMRCI1Q energies!, the parameterb was
fixed at 2ao

22 to give fast enough damping~least squares
optimization of this variable as well favored a much smal
value!, andr e andue were fixed at preliminary estimates o
the equilibrium geometry. The functionsVa andVb are not
meant to represent accurately the asymptotic OH and
potential curves. Initial trials used a bound HH potent
curve instead ofVb, but good results were not obtained.

An important question is how accurately we should
tempt to fit theab initio points. In principle one should fi
them exactly, but this is not achievable in practice. A mo
pragmatic approach is to fit the energies to within their in
vidual errors, which are fairly substantial although quite s
tematic. However, we have found it valuable to fit the poi
as well as possible and then empirically adjust the PES
matching experimental line positions; see Sec. VI below.
have found that better fits to theab initio data give rise to
better fits to the experiment when varying a given numbe
parameters. Thus, we ended up using in Eq.~4! i1 j<8, and
k<142( i1 j ) for a total of 245 ci jk , after taking account
of symmetry. AFORTRANsubprogram to evaluate this fit ca
be obtained from E-PAPS.32

Since the range of energies spanned by theab initio
calculations is large, it is necessary to unequally weight
points in the fitting procedure to obtain a satisfactory fit. T
weighting scheme finally used waswi5si /Ei

w with

si5$tanh@2a~Vi2Vtop!#

11.002 002 002%/2.002 002 002, ~5!

Ei
w5max~10 000cm21,Vi !, ~6!

with a5631024 cm, Vtop535 000 cm21, andVi is the en-
ergy in cm21 of point i above the minimum. The switchsi
goes from 1, for points with energies much belowVtop, to
0.001, for points with energies much aboveVtop. The factor
Ei
w is present to encourage the minimization of the relat

error of the points, with a bias against low-energy poin

FIG. 1. Fitting errors ofV5Z as a function of theab initio potential energy.
J. Chem. Phys., Vol. 106,
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This bias is included because the density of low-ene
points is greater and the energies have finite precision
would not be valuable to try to represent noise in the lo
energy points at the expense of higher-energy points. Lin
and near linear points where the electronic wave funct
changes character from1S to 1P were not included in the fit.

In Figs. 1–3 we show various aspects of the fit. In Fig.
we plot the fitting error versus the data forab initio energies
up to 30000 cm21, the highest energies wheresi is close to
1. The first point with an error greater than 1 cm21 occurs at
about 15 000 cm21, and the maximum error is less than 1
cm21. Of the 355 points in Fig. 1, 165 have errors less th
0.1 cm21. In Fig. 2, we plot the fitted versus theab initio
energies forab initio energies up to 60 000 cm21. ~There is
one point withab initio energy 59 873 cm21 corresponding
to O1 H2 which is off scale.! The fit behaves quite well up
to these high energies. The points that deviate most are
H1OH geometries~nonbonded OH distance at least twic
the equilibrium OH distance!. These geometries have ene

FIG. 2. TheV5Z energy as a function of theab initio potential energy.

FIG. 3. Grid placement and contours forV5Z for symmetric H2O. The con-
tour values are at increments of 2500 cm21 and the symbols correspond t
theab initio points.
No. 11, 15 March 1997
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4623H. Partridge and D. W. Schwenke: Potential energy surface for water
gies above 39 000 cm21. In Fig. 3, we show a contour plo
of the fitted PES for symmetric geometries, along with poi
showing theab initio grid. It would be hard to fit much
higher in energy without additional points particularly
small r i and small angle.

To include core correlation, we fit the difference in e
ergies between the CQZ calculations with and without c
relating the core~relative to their minimums!. These calcu-
lations used the ACPF energies. This yields the correc
DVcore, which is represented by Eq.~4! with i1 j1k<6, for
a total of 50 ci jk , after taking account of symmetry. Th
parameters can be obtained from E-PAPS.32 A total of 371
points were included in the fit, and the points used the sa
weights as when fittingV5Z. ForV5Z up to 30 000 cm21, the
maximum error of the fit is 2.0 cm21, and this occurs a
28 523 cm21. The lowest energy with error greater than
cm21 occurs at 23 108 cm21. Of the 336 points with ener
gies below 30 000 cm21, 164 have errors less than 0
cm21.

As an estimate of the effect of a further basis set i
provement, we also computed the difference between
CQZ valence and 5Z calculations. This gives the correct
DVbasis, which is fit the same way asDVcore. The parameters
can be obtained from E-PAPS.32 For V5Z up to 30 000
cm21, the maximum error of the fit is 1.6 cm21, and this
occurs at 18 020 cm21. The lowest energy with error greate
than 1 cm21 occurs at 15 130 cm21. Of the 336 points with
energies below 30 000 cm21, 160 have errors less than 0
cm21. Previous work has suggested that scalingDVbasisis an
effective procedure for including basis set corrections.38

On average, the magnitude of the core contribution
about twice the basis set correction. Both corrections ha
geometry dependence and the shifts can be positive or n
tive. The basis set correction is largest for the linear po
and lowers the relative energies. The core correction va
from 2200 to 300 cm21. The magnitude is larger for th
linear and small angle geometries and the magnitude
creases asrOH decreases.

IV. ANALYTIC REPRESENTATION OF THE DMS

To represent the DMS we follow the procedure of R
39 and write

m~r 1 ,r 2 ,u!5q~r 1 ,r 2 ,u!~xH12xO!

1q~r 2 ,r 1 ,u!~xH22xO!, ~7!

whereq is a point charge andxHi, xO are position vectors o
the atoms in a conveniently oriented coordinate system.
functionq is a scalar and is independent of the definition
the body fixed coordinate axes. It can be expanded using
same type of functions as the potential, and the DMS w
transform as a vector. Note thatq is not symmetric with
respect to interchangingr 1 and r 2 . We use the dipole mo
ment computed as an expectation value from the ICMR
wave function using the 5Z basis.

We representq by

q~r 1 ,r 2 ,u!5q0~r 1 ,r 2 ,u!1qc~r 1 ,r 2 ,u!, ~8!
J. Chem. Phys., Vol. 106,
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with q0 a zero-order term andqc a correction. We take

q0~r 1 ,r 2 ,u!5A~r 1
2b1r 2

2b!

3@c01c1P1~cosu!1c2P2~cosu!#, ~9!

wherePl is a Legendre polynomial, andqc is given by the
same expansion as used forVc in Eq. ~4!. The parameters in
q0 were determined by approximately fitting the poi
charges determined by inverting Eq.~7! for symmetric ge-
ometries. The parameters inqc were determined by a leas
squares fit using the functions withi1 j1k<6. A FORTRAN

subprogram to evaluate the DMS is available fro
E-PAPS.32 The same weights were used as in fitting the PE
In Fig. 4 we show the magnitude of the difference betwe
the fitted and computed DMS forab initio energies up to
30 000 cm21. The errors are usually quite small.

V. ROVIBRATIONAL CALCULATIONS

Transition intensities and energies were computed fo
given PES and DMS using the procedures described in R
39, with some improvements, which are described in
Appendix. Specific details are as follows. For H2

16O, we
used two different parameter sets. The first~set A! was used
in the optimization of the PES, and was forJ<5. The second
~set B! was used to generate a high-temperature line list,
usedJ up to 55. Where the parameter set differs in the d
cussion below, the values for set B are given in parenthe
The internal coordinates for symmetric isotopes were
Radau hyperspherical coordinates, and thel lk coupling
scheme was used for the angle. For asymmetric isoto
Radau coordinates were used. Since, in the present wo
triatomic is involved whereas the development in Ref. 39
for tetratomics,l 350 andk5V in the l lk coupling scheme.
The body framez axis was aligned with one of the Rada
vectors. Optimized stretching and rotation-bending ba
functions were determined by performing a self-consiste
field ~SCF! calculation on the lowest level for eachJPS. The
exact numerical parameters for stretches were cho
automatically,40 using the criteria 1025 for solving the one-
dimensional Schro¨dinger equations with a cutoff of 0.3~0.35!

FIG. 4. Fitting errors of DMS as a function of theab initio potential energy.
No. 11, 15 March 1997
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4624 H. Partridge and D. W. Schwenke: Potential energy surface for water
Eh and 10
26 for determining the optimized quadrature rule

For J>35, this cutoff was reduced to 0.3Eh , because the
centrifugal potential was large enough to push the hig
symmetric stretch levels into the continuum.

For JPS5011, H2
16O, this resulted in 23~30! con-

tracted functions, 94~141! primitive functions, and an 18~23!
point quadrature for the hyperradius, and 13~15! contracted
functions, 30 primitive functions, and a 14/2 point quad
ture for the hyperangle~symmetry allows us to use half o
the quadrature points for the hyperangle!. For the bend, we
use associated Legendre functionsPlm with l<45 and, when
expanding the PES in terms of Legendre polynomials,
used 91 functions and a 91 point Gauss–Legendre qua
ture. Contracted functions up to the energy cutoff
0.17~0.24! Eh were determined. ForJPS5011, this re-
sulted in 20~25! contracted functions. In the final couplin
step, all functions with sums of SCF energies less th
0.3~0.35!Eh above the minimum energy were used, unle
this number was greater than 5000~7500!, in which case only
the lowest 5000~7500! functions were used.~This happens
for J>4.) In the final diagonalization step, we explicit
exploit the symmetry decoupling due to the indistinguis
ability of the H atoms. This matrix was diagonalized usi
the routineDSYEV from LAPACK.41 We determined all eigen
values and eigenvectors in the energy range 0 to 0.1~0.15!
Eh . Parameter sets similar in quality to set A were used
calculations for the other isotopes.

The dipole matrix elements required for the determin
tion of the intensities were computed using the techniq
described in Ref. 39. Specific numerical details are as
lows: we expanded the angular dependence of the DMS
ing Plm with l<26 and used 28 point Gauss–Legend
quadrature to determine the expansion efficients and us
20 point optimized quadrature for the hyperradius and a 1
point quadrature for the hyperangle. The use of a DMS t
transforms as a vector obviates the need for spe
quadratures42 over the angle.

All rovibrational calculations were carried out on a
IBM RS-6000/590 work station equipped with 512 Mbyte
memory.

All calculations use the nuclear masses 1836.152 6
3670.483 031, and 5496.921 62me for the hydrogen isotope
and 29 148.946 42, 30 979.521 28, and 32 810.462 86me for
the oxygen isotopes, and used atomic units. To conver
cm21 units, we divided by 4.556 33531026. To convert be-
tween Å andao , we used the factor 0.529 177 249.

VI. EMPIRICAL CORRECTIONS TO THE PES

Using the PESV5Z to predict line positions does not giv
perfect agreement with the experiment for a variety of r
sons, besides the fact that the fit does not perfectly repre
theab initio data. Theab initio data are not exact because t
one-electron basis is not complete, the core electrons are
correlated, and a full CI is not used. In addition, we ha
neglected corrections like relativity, mass polarization, rad
tive, and diagonal adiabatic modifications to the Bor
Oppenheimer approximation. Including all these correctio
J. Chem. Phys., Vol. 106,
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leads to a modification of the PES. In addition, there
nonadiabatic effects, which can lead to more complica
changes in our equations. Finally, there can be experime
errors. We will attempt to include these effects empirica
by modifying the PES and generating a new PES ca
Vemp, which is written in the form

Vemp5c5ZV5Z~r 1 ,r 2 ,u!1ccoreDVcore~r 1 ,r 2 ,u!

1cbasisDVbasis~r 1 ,r 2 ,u!1DVrest~r 1 ,r 2 ,u!, ~10!

with DVrest represented by Eq.~4!. The free parameters in
this expression arec5Z, ccore, cbasis, and theci jk in DVrest. It
should be noted that using a function of the form of Eq.~10!
can only make up for some deficiencies in the fit to t
original 5Z data. Errors produced by using fitting functio
of the wrong form cannot be corrected. Errors that are du
nonoptimum weighting of the points can be corrected to
certain degree. That is, in this step, regions of the PES
which the eigenvalues are not sensitive will be deemp
sized.

We determine the parameters inVemp by comparing to
the experimental data in theHITRAN 92 data base.17 Since
some of the corrections to the PES are mass dependen
only consider the H2

16O isotope of water. We consider othe
isotopes in Sec. VIII. One problem with making this com
parison is associating the theoretical lines with the appro
ate experimental lines. Although most of the lines ha
quantum number assignments, the assignments are no
ways correct. In the present work, we take the assignmen
consist of the rigid rotator quantum numbers43 JKaKc and
the internal energy for the initial and final level. Furthe
more, some theoretical levels have appreciable resona
mixing, so a meaningful set of labels cannot be given~pre-
sumably this is also the case for the experimental leve!.
Because we useJKaKc and internal energy to assign trans
tions, resonances that do not involveKa and Kc will not
cause any difficulty. Alternatively, one can compare line p
sitions and intensities to try and find the best match. In pr
tice, we minimized@(vcalc2vexp)/cm21#21@ lnIcalc/I exp#2 to
associate lines, but this procedure is not perfect. There
instances where there are two closely spaced peaks with
intensity ratios where this procedure associates the str
peak with the weak peak~and leaves the other one un
matched! when the intensities differ greatly between expe
ment and theory~the 3:1 factor comes from the nuclear sp
statistics!. Thus, when using this method we also require t
the assignments match between theory and experiment.
hope that there are enough properly assigned lines to
weigh any improperly assigned lines in the least-squares
cedure. A problem with this procedure is that it exclud
high-lying rovibrational levels that are not well described
a single basis function. More sophisticated pattern match
techniques would be desirable.

Another problem of more practical concern is whic
lines to try to match, or whether to match actual ener
levels. In the present work we use lines, the motivation be
that these are the directly measurable quantities. The ch
est procedure would be to just look at the R~0! lines, but
No. 11, 15 March 1997
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4625H. Partridge and D. W. Schwenke: Potential energy surface for water
these lines are not that sensitive to the rotational energy
els. Matching all the lines is much more expensive and,
thermore, weights the rotational energy levels more than
vibrational energy levels, since for highJ only rotational
transitions are included in the database. In the present w
we include all lines withJ<5 in our optimization. For larger
J, the number of vibrational transitions decreases. We
see that the potential we obtain does well for the rotatio
energies for higherJ.

When performing least-squares optimization of poten
parameters, the routineLMDER from MINPACK ~Ref. 44! was
used. To facilitate the optimization, the basis functions u
to expand the wave functions were the low-lying eigenfu
tions of the starting PES. The derivatives of the transit
energies with respect to the parameters required byLMDER

were computed using the Hellman–Feynman theorem for
individual eigenvalues. The most time consuming step of
optimization was the determination of the eigenvectors of
starting PES. If enough eigenfunctions are used, it is ne
sary to determine them only once. It appears that very ac
rate eigenvalues are required for the optimization proc
Using poorly converged eigenvalues does not merely g
the wrong PES, it causes the final errors to be larger. T
apparently occurs because of the large amount of data c
pared to the flexibility allowed by our parameters.

The optimization was carried out in two steps. First
preliminary fit withc5Z51, ccore5cbasis50, andDVrest using
i1 j1k<2 was carried out using the Q~1! lines, with line
associations made by matching assignments. For all tra
tions up to 14 400 cm21, using theab initio PES (V5Z), the
root mean square~rms! error was 6.91 cm21, and after the
optimization, the rms error was 0.081 cm21.

In the final optimization, the line association was ma
by matching peak heights and peak positions, as descr
above, with the theoretical calculations using the initia
optimized PES. The data in the least squares fit were
equally weighted—each transition had an acceptable e
associated with it. These were taken to
max(0.1cm21,err), where err is an estimate of the error
the theoretical calculations due to incomplete convergenc
the rovibrational wave functions with respect to adding m
basis functions. In addition, the weight for a few points w
set to near zero if there was a large (.1 cm21) difference
between theory and experiment. A total of 5493 lines h
nonzero weights, and transitions up to 20 519 cm21 were
included in the optimization~most transitions were below
17 000 cm21). The final rms error for the 5237 points wit
weights equal to 1/0.1 cm21 was 0.044 cm21. In this fit, a
total of 21 parameters were varied: three scaling the var
computed functions and 18 inDVrest, which included the
functions 1< i1 j1k<3, andk>1, i1 j1k<4. More bend-
ing functions were included because there were larger er
in the bending transitions. The parameters forVempare avail-
able from E-PAPS.32

The error as a function of the transition energy for t
final fit is shown in Fig. 5. Figure 5 shows a series of clu
ters. Each cluster corresponds to a vibrational band,
within each cluster are the different rotational transitio
J. Chem. Phys., Vol. 106,
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Many clusters show little dependence onJ—they have very
little vertical width. Others show fairly large scatter. Th
scatter increases as the transition energy increases, bu
grouping of the clusters about the zero line does not cha
significantly. We attribute this scatter to errors in theHITRAN

data base, see Sec. VII.
The fact that many vibrational transitions have erro

that weakly depend onJ is very important for extrapolating
to higherJ. In earlier fits usingc5Z51, ccore5cbasis50, we
could not achieve this flat error. Varying these three para
eters greatly improved the results. The final values of
scaling parameters werec5Z50.999 678,ccore51.635, and
cbasis520.159. It can be seen that the most significant eff
is from the core correction.

So far we have not explicitly included nonadiabatic e
fects. These are difficult to include rigorously. One simp
way promoted45 to include nonadiabaticity is to use th
atomic rather than nuclear masses. In the early stages of
work, we carried out optimizations using both the atomic a
nuclear masses, and in all cases the quality of the fits was
significantly different. Thus, in the final stages we only us
the nuclear masses. Another way to parameterize the n
diabatic effects is to proceed as follows;46 for a one-
dimensional problem in the electronically adiabatic repres
tation where there are two coupled electronic states, we m
solve

SH11 H12

H21 H22
D S f 1f 2D 5ES f 1f 2D , ~11!

where f i are the vibrational functions for the two states,

Hii52
\2

2m

]2

]r 2
1Vi~r !, ~12!

Vi the PES for statei ~including diagonal corrections to th
Born–Oppenheimer approximation!,

H125
\

m
G12

]

]r
, ~13!

FIG. 5. Errors in line positions as a function of frequency forJ<5.
No. 11, 15 March 1997
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4626 H. Partridge and D. W. Schwenke: Potential energy surface for water
whereG12 is a nonadiabatic coupling matrix element, t
derivative acting to the right, and

H215
\

m

]

]r
G12, ~14!

with the derivative acting to the left. Since we are primar
interested inf 1 , we can write the formal solution as

@H112H12~H222E!21H21# f 15Ef1 , ~15!

thus, the nonadiabatic correction takes the fo
^] f 1 /]r uFu ] f 1 /]r &, whereF is a nonlocal function depend
ing on the eigenvalue. If we assumeF is a constant, then this
is a correction to the kinetic energy. Thus we tried to inclu
nonadiabatic effects by introducing three scaling parame
for the kinetic energy operators, but we did not obtain s
nificantly different results. We believe that this is not b
cause nonadiabatic effects are small or that this is not a g
way to include nonadiabatic effects, but rather that we
ready have included some nonadiabaticity. This can be
derstood by noting that we could have just as well used
electronically diabatic basis. In that case,H12 would include
potential coupling but no derivative coupling, and the non
diabatic correction would just change the PES. One con
mation of this notion is the fact that when fewer paramet
were used inDVrest, scaling the kinetic energy operators d
improve the results. However this change, as well as
kinetic energy scaling, should in principle be different f
each rovibrational level.47 Thus, by using a single PES o
single set of kinetic energy scaling parameters, we can o
hope to mimic the nonadiabatic effect on the average
should be noted that in our calculations, scaling the kine
energy operators is not equivalent to changing the ma
because there are three scaling parameters and only
unique masses, and the masses also enter in the definiti
the internal coordinates.

One other observation on the nuclear versus atomic m
question is as follows: For water, the choice of the mass
oxygen is not critical.37 Suppose we scale the atomic coo
dinates by the factors1/2, then the resulting Schro¨dinger
equation will involve the scaled massesmi /s, wheremi is
the mass of atomi . To evaluate the PES, one would have
unscale the coordinates. Now one could introduce an em
cal correction to the PES that would exactly cancel this s
ing, thus scaling the coordinates everywhere, except in
PES, represents a change to the PES. If we takes to be equal
to the ratio of the hydrogen nuclear-to-atomic mass, and
results are not sensitive to the difference between the oxy
atomic mass ands times the oxygen nuclear mass, then t
computed rovibrational energies from an empirically det
mined PES will not depend on the choice of mass if
empirical correction is sufficiently flexible. We have trie
calculations using atomic masses and scaling the coordin
in Vemp, and we find a shift of 0.036 cm21 to the zero point
energy and a 0.02 cm21 change in the fundamentals. Thus,
appears that the choice of mass is important only if the er
are of this order. Thus, in retrospect, it would have be
worthwhile considering trying the atomic masses in the fi
fit.
J. Chem. Phys., Vol. 106,
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Another complication arises due to coupling betwe
electronic and nuclear angular momentum. This will lead
corrections to the rotational kinetic energy, and the deri
tion of Ref. 46 shows terms scaling asJ4. Although the trend
is for the errors to increase withJ, the increase is not dra
matic, so these terms are apparently small.

VII. DISCUSSION OF THE RESULTS OBTAINED FOR
H2

16O FOR THE EMPIRICAL PES.

Using the final PESVemp, we have performed calcula
tions up toJ555 in order to generate a high temperature li
list. This produced 307 721 352 lines. To obtain this line li
contact the authors.48 We now compare these results to th
completeHITRAN 96 database. To associate the theoreti
and tabulated lines, we used the following procedure. T
involves several steps because of different ambiguities in
line assignments. We only used the 289 806 theoretical li
with intensities greater than 10230 cm/molecule at 296 K in
the automated matching procedure.

In the theoretical results, there are two nearly degene
levels that both have the dominant configurati
010 1311 2. These levels differ in energy by only 0.0
cm21, and transitions into either level have about the sa
intensity, which is about half the intensity of the single lin
contained in the database. Thus, before matching the li
we replaced the pair of lines with a single one using
average position and the sum of the intensities.

In the first step of the matching, for each line in th
database, we searched the theoretical lines for a trans
with the same assignments for the initial and final leve
This used a 30 cm21 window. Once a theoretical line wa
matched with a line from the database, it was taken out of
pool of available lines. In the second matching step, we
low for resonant mixing between the rotational and vib
tional quantum numbers of the final level. Thus, we proce
as before except we ignoreKa andKc of the final level, and
we use a 2 cm21 window. Next we do the same, but allow
for resonant mixing only in the initial level. There are
number of lines in the database that appear to have mis
signed vibrational energies. We match these next by p
ceeding as in the first step except we ignore the inter
energy when matching assignments and only accept a m
if the intensities agree within a factor of 10. There are
number of unassigned lines in the database, and we m
them by minimizing@(vcalc2vexp)/cm21#21@ lnIcalc/I exp#2.
In many cases, the match of the unassigned lines was
clear. In the final automated step, we repeated the first s
but used a 101 cm21 window. This was done because the
are several lines for which the hundreds digit of the li
position is in error by one. Then about a dozen lines w
matched by hand. Mostly this involved extracting a line fro
the theoretical results with an intensity less than the 10230

cm/molecule cutoff, but in a couple of cases additional m
assigned lines were matched. By this means, 30 092 of
30 117 lines were matched. Of the remaining lines, all
one were very weak and so could not be unambiguou
matched. The other line was sufficiently distant from the
No. 11, 15 March 1997
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Downloaded¬25¬N
TABLE IV. Comparison betweenHITRAN 96 and results fromVemp by vibrational bands. Frequencies are
cm21 and intensity in cm/molecule.

Band
No.
Lines

No.
Outliners

Line positions Intensitiesa

Error percentiles
Max. abs.
error

Summed
HITRAN

Summed
ratio

Max.
ratio25% 50% 75%

010 010 752 23 20.01 0.00 0.00 0.71 2.22(220!b 1.02 2.1~0!
000 000 1728 26 20.01 0.00 0.01 0.80 5.27(217! 1.01 4.2~2!
020 020 129 3 0.00 0.00 0.00 0.02 1.01(223! 1.10 1.7~0!
010 000 1770 20 20.01 0.01 0.02 0.76 1.06(217! 1.08 4.1~4!
020 010 726 17 20.05 20.04 20.03 0.45 9.71(221! 0.98 4.9~0!
100 010 402 2 20.04 20.04 20.04 0.06 1.82(222! 0.83 2.7~1!
030 020 121 1 20.01 0.00 0.00 0.02 5.12(224! 1.25 1.7~0!
001 010 365 3 0.00 0.01 0.02 0.05 2.63(222! 0.95 4.3~0!
020 000 1126 47 20.03 20.01 0.00 4.64 7.57(220! 1.18 7.7~2!
030 010 314 14 20.05 20.04 20.03 0.88 7.28(223! 1.19 2.1~0!
100 000 1301 27 20.04 20.03 20.02 0.43 4.95(219! 1.28 6.6~2!
001 000 1546 34 0.01 0.03 0.04 0.26 7.20(218! 1.16 8.6~0!
110 010 370 1 20.01 0.01 0.02 0.07 2.13(222! 1.18 1.6~0!
011 010 521 6 20.07 20.06 20.06 0.09 2.90(221! 1.27 1.4~0!
030 000 665 18 20.16 20.02 20.01 46.48 4.02(222! 1.60 2.7~3!
110 000 997 8 20.02 0.01 0.03 62.24 4.18(220! 1.10 3.8~5!
011 000 1297 9 20.05 20.04 20.04 25.65 8.00(219! 1.13 2.9~2!
021 010 285 14 0.03 0.06 0.08 0.80 6.58(222! 1.06 7.8~0!
040 000 215 9 20.04 20.02 0.01 34.16 1.77(223! 1.18 2.2~4!
021 000 958 52 20.03 20.01 0.03 70.49 3.81(220! 1.03 9.1~3!
120 000 613 32 20.05 20.03 20.01 19.96 2.46(221! 1.09 6.6~7!
200 000 988 33 20.06 20.01 0.01 23.58 6.11(220! 1.35 7.0~5!
101 000 1325 63 20.02 0.00 0.02 100.14 5.63(219! 0.94 2.5~5!
002 000 886 43 0.02 0.06 0.08 14.77 3.65(221! 1.28 2.7~4!
130 000 263 10 20.01 0.01 0.04 1.50 4.42(222! 1.14 2.7~2!
031 000 330 1 0.04 0.06 0.08 91.94 1.28(221! 0.38 3.8~3!
111 000 596 6 20.02 0.00 0.01 58.70 3.54(220! 1.33 3.3~5!
210 000 237 6 0.02 0.05 0.07 17.53 1.48(221! 1.18 6.2~3!
012 000 364 8 20.04 20.03 2.03 1.43 7.54(222! 1.19 1.6~2!
041 000 163 2 0.04 0.05 0.06 10.10 3.03(223! 7.17 1.2~2!
121 000 401 13 20.10 20.08 20.05 7.04 2.15(221! 1.80 1.1~2!
220 000 119 2 20.05 20.03 20.02 0.52 1.29(222! 0.62 1.7~5!
300 000 736 22 20.03 20.01 0.01 25.41 2.62(221! 0.78 4.9~4!
201 000 583 9 20.01 0.01 0.02 12.94 1.70(220! 0.96 3.0~3!
003 000 402 6 0.02 0.05 0.06 0.11 1.90(221! 1.14 8.8~3!
131 000 231 14 0.00 0.01 0.91 100.00 3.76(223! 0.20 3.0~6!
211 000 450 18 0.00 0.03 0.05 10.22 1.20(221! 1.31 1.8~1!
310 000 407 21 20.07 20.02 0.03 8.45 8.99(223! 1.40 1.1~4!
013 000 250 23 20.02 20.01 0.00 3.81 8.78(223! 0.77 1.7~2!
221 000 295 17 20.22 20.18 20.12 3.63 1.72(222! 2.20 5.4~0!
301 000 659 25 20.09 20.05 0.05 15.71 1.28(221! 0.91 2.6~1!
320 000 253 10 20.20 20.11 20.06 2.43 2.03(223! 1.14 5.7~1!
302 000 160 8 20.14 20.09 0.58 18.08 2.25(223! 0.56 1.6~2!
400 000 390 9 20.10 20.04 20.02 12.81 1.06(222! 0.88 4.5~2!
231 000 111 1 20.01 0.01 0.06 14.81 5.76(224! 0.56 7.5~1!
311 000 339 17 20.11 20.06 0.05 5.93 1.03(222! 1.10 6.9~0!
312 000 136 9 20.14 20.10 0.02 4.86 1.54(223! 0.76 2.5~3!
401 000 359 12 20.16 0.12 1.05 35.42 8.21(223! 0.92 5.4~1!
402 000 148 7 20.39 20.16 0.51 7.77 2.24(223! 0.34 1.1~4!
321 000 200 3 20.47 20.30 20.13 73.32 4.60(223! 1.14 8.5~2!
500 000 115 4 20.20 20.18 20.02 15.58 3.99(224! 0.74 2.8~1!
411 000 107 2 20.04 0.12 0.66 5.27 2.79(224! 1.37 8.0~0!

aThe theoretical intensities are multiplied by the isotope abundance factor 0.997 32.
b2.22~220!52.22310220.
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retical lines of similar strength to make a match difficult.
In Table IV, we give a band-by-band comparison of t

present results and those from the database. In Table IV
only include the bands with at least 100 lines. This includ
J. Chem. Phys., Vol. 106,
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28 204 out of the 30 092 matched lines. We measure
errors in the line positions by giving the 25, 50, and
percentiles of vcalc2vexp as well as the maximum
uvcalc2vexpu. For example, for the 000 000 band, 25% of t
No. 11, 15 March 1997
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4628 H. Partridge and D. W. Schwenke: Potential energy surface for water
vcalc2vexp are more negative than20.01 cm21, the median
difference is 0.00 cm21, and 25% of the lines have
vcalc2vexp greater than 0.01 cm21. We do not find it useful
to quote the rms error, because there are a number of ou
for each band, and they distort the rms error. For exam
for this band the maximum error is 0.80 cm21, and we con-
sider 26 of the 1728 lines to be outliers. We determine
outliers by computing the average absolute deviation fr
the average. Then lines with errors greater than four tim
this are considered outliers. Using three times the aver
absolute deviation from the average produces very sim
results because there is usually a big gap between the ou
and the other lines. We use the average absolute devia
from the average rather than the rms error, because it is m
well behaved in the presence of outliers.49 About 3% of the
lines are outliers.

Some of the outliers appear to be due to transcript
errors somewhere in the preparation of the database. Fo
ample, the 101 000 band has four lines with errors very cl
to 100 cm21, the 131 000 band has one line with an err
very close to 100 cm21, and the 041 000 band has two line
with errors very close to 10 cm21. The 211 000 band has on
line with an error very close to 10 cm21. Otherwise, the
errors for these bands is usually quite small, thus, it se
very likely that one digit is off by one unit for these line
Other transcription errors, like transposed digits or errors
the units digit or to the right of the decimal point are le
obvious. We note that there are many lines with errors v
close to 1 cm21. We have tried to see if there were an
trends with the outliers, and so we plotted their errors
many bands as a function of various quantities. A typi
example is Fig. 6, where we plot the errors for the 020 0
band as a function of the final value ofJ for the line. We see
many points having very small errors, randomly scatte
points with large errors, and then points with errors incre
ing at highJ. The outliers only occur forJ>9 for this band.
This suggests that in addition to transcription errors, som
the outliers are due to missassignments of weak lines ha
high J due to inadequacies of the model Hamiltonians u

FIG. 6. Errors in transition frequency for 020←000 band as a function o
final J. There are 1126 points shown.
J. Chem. Phys., Vol. 106,
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in the line analysis. However, we cannot rule out the pos
bility of errors in our Hamiltonian which become importa
at higherJ. Also, recall that we only usedJ<5 when opti-
mizing our potential, thus optimizations using higherJ could
reduce the errors at highJ. However, given the presence o
the outliers, it is not clear which lines should be included
the fit at highJ. Considering the errors as a function ofKa

andKc did not reveal further insight into the sources of t
errors.

Returning now to Table IV, we see that most bands
fit very well. The agreement deteriorates at the highest
quency transitions, but remains quite good. Some of the
crease in error may be due to incomplete convergence o
rovibrational wave-function expansions. Overall, the err
are small: for all 30 092 lines, 5% havevcalc2vexp more
negative than20.40 cm21, 10% more negative than
20.11 cm21, 25% more negative than20.04 cm21, the
median error is20.008 cm21, 25% have differences greate
than 0.02 cm21, 10% greater than 0.07 cm21, and 5%
greater than 0.38 cm21.

It would be interesting to compare our computed li
positions to recent analysis of flame studies,50,51but as we do
not have electronic versions of that data, we do not m
such a comparison here.

Also included in Table IV is a comparison of line inten
sities. Here, we do not include the outliers. We give t
intensity summed over all lines in the band fromHITRAN 96,
and the ratio of the summed intensity from the calculatio
to the summed intensity fromHITRAN. For most bands, there
is good agreement. Out of the 52 bands, 15 have ratios
tween 0.9 and 1.1, and 29 have ratios between 0.8 and
All but five agree within a factor of 2, with the largest de
viation being a factor of 7.17 for the 041 000 band. For t
band, the theoretical lines are systematically stronger t
those in the database. The agreement for individual
strengths is not always so good, even for bands where
summed intensity agrees well. We also give in Table IV t
maximum ofI calc/I exp and I exp/I calc. This can be as large a
6.63107, which occurs for the 120 000 band—here t
summed intensities agree within 10%. It is likely that the
are transcription errors in the intensities as well. Missassi
ments of lines may also contribute to the errors.

It is important to note that many of the intensities in t
HITRAN data base are not obtained from measurement
rather from approximate theoretical calculations parame
ized by other measurements, thus some disagreement
the present results is not unexpected. In Fig. 7, we show
intensity in absorption for room temperature H2

16O com-
puted using theHITRAN 92 database and the present PES a
DMS. In generating the spectra, a Gaussian of full width
half-maximum of 20 cm21 was used for each line. The spe
trum shows a series of peaks separated by deep valleys.
peaks agree quite well, however, there are greater differe
in the valleys. Part of this is because the present results
clude many more weak lines.

It is one thing to obtain accurate line positions, but a
other to also get accurate rovibrational energies. We h
compared the rovibrational energies forJ520 obtained from
No. 11, 15 March 1997
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4629H. Partridge and D. W. Schwenke: Potential energy surface for water
Vemp with those given for the Polyansky–Jensen–Tenny
~PJT! potential.9 These are given in Table V. The maximu
difference between experiment and the present work is 0
cm21, and we obtain errors smaller than PJT 25 times ou
the 35 cases where experimental data is available. The r
means-square deviation between theory and experime
0.15 cm21 for the PJT PES and 0.07 cm21 for Vemp. Thus,
the present PES gives very accurate rovibrational ener
for high J as well.

In Table VI we give energy levels up to about 16 0
cm21 above the zero point energy forJ50 obtained using
Vemp. In the second column we give the difference betwe
the HITRAN 96 energies and those we have calculated. T
agreement is very good, mostly with errors much sma
than 0.1 cm21. The largest error is for the level at 12 13
cm21, which is a mixture of the 310 and 112 levels, whe
the difference is 0.49 cm21. The other mixture of 310 and
112 has an error of only 0.01 cm21. Thus it may be possible
that the tabulated energy is wrong. Note also that the b
labeled 310 000 in Table IV gives very good results. Of t
43 levels where data is available fromHITRAN, only five have
errors bigger than 0.1 cm21. It is interesting to compare ou
prediction of the 050 level, 7542.51 cm21, with the recent
experimental50 value of 7542.3960.05 cm21. The agree-
ment is quite good.

Also included in Table VI is the entropy of mixing36 and
the wave-function decomposition from a natural mod
analysis of each level. The quantum number labels were
termined as before52 by node counting, followed by readjus
ment in selected cases. Thus, the labels are not infalli
especially for weakly occupied components. This happ
since a single set of functions for all levels is not used.
the energy increases, the amount of mixing increases, ex
for certain isolated cases, such as the 0 11 0 level. The m
ing is usually of two types. There is strong mixing betwe
levels that do not changen11n3 , which is well known for
H2O. There is also stretch–bend mixing between the lev
n1n2n3 andn111n22nn3 with n52 for low n2 andn53
for highern2 . As anharmonicity changes the optimum val

FIG. 7. Room temperature intensities for H2
16O. Solid line, present results

dashed line,HITRAN 92 database.
J. Chem. Phys., Vol. 106,
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of n, so some high bending levels can be quite pure, e.g.,
0 11 0 level.

In Table VII we give some selected dipole matrix el
ments, which should be useful for users of the PES and D
given in the present work. The tabulated quantity is t
square of the matrix element of the dipole moment, avera
over initial-state rotational degeneracies and summed o
final-state rotational degeneracies. When available, the
sults from theHITRAN 92 database are also given. The agre
ment between the calculated andHITRAN 92 frequencies is
very good, while the agreement of the matrix elements is l
satisfying.

As mentioned above, we have carried out calculations
a high-temperature line list for H2

16O usingVemp and the
DMS of this work. Calculations were carried out forJ up to
55 and a total of 170 625 rovibrational energy levels we
determined. The maximum number of roots extracted

TABLE V. Rotational energy levels for H2
16O, J520 ~in cm21).

Ka Kc exp.a PJTa Vemp

0 20 4048.252 4048.285 4048.35
1 20 4048.252 4048.285 4048.35
1 19 4412.317 4412.335 4412.41
2 19 4412.317 4412.335 4412.41
2 18 4738.624 4738.623 4738.70
3 18 4738.636 4738.634 4738.71
3 17 5031.77 5031.86
4 17 5031.977 5031.968 5032.05
4 16 5292.096 5292.056 5292.16
5 16 5294.035 5293.995 5294.09
5 15 5513.266 5513.146 5513.28
6 15 5527.046 5526.980 5527.09
6 14 5680.64 5680.81
7 14 5739.23 5739.15 5739.27
7 13 5811.92 5812.09
8 13 5947.33 5947.25 5947.35
8 12 5966.72 5966.86
9 12 6167.91 6167.68 6167.75
9 11 6170.96 6170.80 6170.87
10 11 6407.09 6407.12
10 10 6407.45 6407.49
11 10 6664.14 6664.20 6664.18
11 9 6664.17 6664.23 6664.21
12 9 6935.42 6935.53 6935.46
12 8 6935.43 6935.54 6935.46
13 8 7217.56 7217.71 7217.59
13 7 7217.56 7217.71 7217.59
14 7 7507.57 7507.77 7507.60
14 6 7507.57 7507.77 7507.60
15 6 7802.7 7802.9 7802.70
15 5 7802.7 7802.9 7802.70
16 5 8100.3 8100.5 8100.27
16 4 8100.3 8100.5 8100.27
17 4 8397.6 8397.9 8397.59
17 3 8397.6 8397.9 8397.59
18 3 8691.9 8692.1 8691.84
18 2 8691.9 8692.1 8691.84
19 2 8979.8 8980.0 8979.75
19 1 8979.8 8980.0 8979.75
20 1 9257.408 9257.416 9257.29
20 0 9257.408 9257.416 9257.29

aFrom Ref. 9.
No. 11, 15 March 1997
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4630 H. Partridge and D. W. Schwenke: Potential energy surface for water
TABLE VI. Energy levels and wave function components for H2
16O, J50.

Energy~cm21) o2ca Entropy n1 n2 n3 Coef n1 n2 n3 Coef n1 n2 n3 Coef

Even levels
0.00 0.00 0.01 0 0 0 1.00 1 0 2 0.02 1 1 0 0.0

1594.78 20.03 0.02 0 1 0 1.00 1 0 0 0.02 1 1 2 0.0
3151.63 0.00 0.08 0 2 0 1.00 1 0 0 20.08 1 2 2 0.02
3657.04 0.01 0.12 1 0 0 1.00 0 2 0 0.06 0 0 2 0.0
4666.79 0.00 0.15 0 3 0 0.99 1 1 0 20.11 1 3 2 0.02
5235.03 20.05 0.19 1 1 0 0.99 0 3 0 0.10 0 1 2 0.0
6134.04 20.03 0.21 0 4 0 0.99 1 2 0 20.14 1 4 2 0.02
6775.10 20.01 0.36 1 2 0 0.98 0 4 0 0.13 2 2 0 20.10
7201.55 20.01 0.86 2 0 0 0.93 0 0 2 0.35 1 2 0 0.0
7445.12 20.07 0.78 0 0 2 0.94 2 0 0 20.34 1 0 4 0.04
7542.51 0.25 0 5 0 0.99 1 3 0 0.16 0 4 2 20.02
8274.05 20.07 0.51 1 3 0 0.97 2 1 0 20.18 0 4 0 20.13
8761.66 20.08 1.01 2 1 0 0.92 0 1 2 0.35 1 3 0 0.1
8870.59 0.29 0 6 0 0.98 1 5 0 0.17 0 3 2 20.03
9000.11 0.03 0.84 0 1 2 0.93 2 1 0 20.35 1 3 0 20.05
9724.40 0.66 1 4 0 0.96 2 2 0 20.22 0 3 0 20.15

10 087.15 0.36 0 7 0 0.98 1 5 0 20.19 2 3 0 20.04
10 284.35 0.02 1.28 2 2 0 0.90 0 2 2 0.35 3 4 0 20.16
10 521.77 0.99 0 2 2 0.93 2 2 0 20.34 1 0 2 20.08
10 599.68 0.01 1.64 3 0 0 0.75 1 0 2 0.64 0 0 4 0.1
10 868.89 0.01 1.63 1 0 2 20.75 3 0 0 0.64 0 0 4 20.12
11 099.24 1.32 1 5 0 0.88 0 8 0 0.43 2 3 0 0.2
11 254.40 1.10 0 8 0 0.90 1 5 0 20.42 2 4 0 20.11
11 767.52 1.47 2 3 0 0.89 0 3 2 0.34 3 1 0 20.21
12 007.92 1.09 0 3 2 0.92 2 3 0 20.33 1 1 2 20.11
12 139.36 20.49 1.83 3 1 0 0.73 1 1 2 0.63 1 3 2 0.1
12 381.94 1.69 1 6 0 0.71 0 9 0 0.68 2 4 0 0.1
12 407.65 0.01 1.84 1 1 2 20.73 3 1 0 0.64 0 1 4 20.12
12 533.66 1.68 0 9 0 0.73 1 6 0 20.65 2 5 0 20.18
13 205.14 1.57 2 4 0 0.88 0 4 2 0.31 3 2 0 20.25
13 453.71 1.17 0 4 2 0.92 2 4 0 20.30 2 2 2 20.12
13 640.58 2.43 3 2 0 0.68 2 2 2 0.58 3 2 2 0.1
13 661.61 1.77 1 7 0 0.85 0 10 0 20.40 2 6 0 0.24
13 828.16 0.12 1.98 2 0 2 0.80 4 0 0 0.49 1 0 4 0.2
13 857.46 1.08 0 10 0 0.91 1 7 0 0.40 2 6 0 20.11
13 910.79 0.11 2.13 1 2 2 20.71 3 2 0 0.62 4 4 0 20.12
14 221.13 0.03 1.88 4 0 0 0.82 2 0 2 20.41 1 0 4 20.35
14 537.42 1.22 0 0 4 0.90 2 0 2 20.40 4 0 0 0.17
14 579.47 1.71 2 5 0 0.87 1 4 0 0.27 1 5 2 0.2
14 819.82 2.52 1 8 0 0.61 1 5 2 20.48 0 5 2 20.41
14 881.86 2.72 1 5 2 0.47 0 5 2 20.42 1 8 0 20.38
15 108.15 2.46 3 3 0 0.68 2 3 2 0.59 2 1 2 20.19
15 295.36 0.55 0 11 0 0.97 1 1 0 0.25 2 7 0 20.05
15 344.41 0.09 2.26 2 1 2 0.79 4 1 0 0.43 1 1 4 0.2
15 377.79 2.46 1 3 2 20.71 3 3 0 0.56 4 1 0 20.25
15 742.79 0.01 2.12 4 1 0 0.81 2 1 2 20.39 1 1 4 20.34
15 871.18 2.03 2 6 0 0.80 1 9 0 0.49 3 4 0 0.2
16 046.92 1.33 0 1 4 0.89 2 1 2 20.40 4 1 0 0.17

Odd levels
3755.96 20.03 0.02 0 0 1 1.00 1 0 3 0.04 0 1 3 0.0
5331.22 20.05 0.04 0 1 1 1.00 1 1 3 0.04 1 0 1 0.0
6871.50 0.02 0.12 0 2 1 0.99 1 0 1 20.09 1 2 3 0.04
7249.86 20.04 0.22 1 0 1 0.99 0 0 3 0.12 0 2 1 0.0
8373.90 20.05 0.21 0 3 1 0.99 1 1 1 20.13 1 3 3 0.04
8807.04 20.04 0.31 1 1 1 0.98 0 3 1 0.11 0 1 3 0.1
9833.63 20.04 0.28 0 4 1 0.99 1 2 1 20.16 1 4 3 0.04

10 328.67 0.06 0.54 1 2 1 0.97 2 2 1 20.12 0 2 3 0.11
10 613.40 20.05 0.96 2 0 1 0.92 0 0 3 0.37 1 2 1 0.0
11 032.46 20.05 0.81 0 0 3 0.93 2 0 1 20.35 1 0 5 0.05
11 242.78 0.33 0 5 1 0.98 1 3 1 0.18 0 4 3 20.04
11 813.23 20.02 0.72 1 3 1 0.96 2 1 1 20.21 0 5 1 20.15
12 151.32 20.07 1.14 2 1 1 0.91 1 1 3 0.37 1 3 1 20.13
12 565.01 0.00 0.88 1 1 3 0.93 2 1 1 20.35 1 1 5 0.05
12 586.33 0.37 0 6 1 0.98 1 4 1 0.19 0 5 3 20.05
J. Chem. Phys., Vol. 106, No. 11, 15 March 1997
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TABLE VI. ~Continued.!

Energy~cm21) o2ca Entropy n1 n2 n3 Coef n1 n2 n3 Coef n1 n2 n3 Coef

Even levels
13 256.25 0.84 1 4 1 0.95 2 2 1 20.24 0 5 1 20.15
13 652.46 0.20 1.54 2 2 1 0.88 0 2 3 0.36 3 2 1 20.19
13 830.84 0.10 1.76 3 0 1 0.79 2 0 3 0.56 2 2 1 0.1
13 835.85 0.51 0 7 1 0.97 1 6 1 20.19 3 0 1 0.07
14 066.21 0.02 1.05 0 2 3 0.92 2 2 1 20.34 1 0 3 20.07
14 318.75 0.06 1.67 1 0 3 0.79 3 0 1 20.57 0 0 5 0.17
14 648.19 0.97 1 5 1 0.94 2 3 1 0.27 0 4 1 0.1
14 984.72 0.52 0 8 1 0.97 1 7 1 0.21 2 4 1 20.08
15 119.03 0.00 1.80 2 3 1 0.85 0 3 3 0.35 3 1 1 20.26
15 347.85 0.11 1.93 3 1 1 0.77 1 1 3 0.56 2 3 1 20.17
15 534.83 1.19 0 3 3 0.92 2 3 1 20.33 3 1 1 0.10
15 832.68 0.08 1.85 1 1 3 0.78 3 1 1 20.57 0 1 5 0.16
15 969.61 1.37 1 6 1 0.89 0 9 1 0.36 2 4 1 0.2
16 160.69 1.00 0 9 1 0.92 1 6 1 20.35 2 5 1 20.12
16 546.44 1.89 2 4 1 0.84 1 4 3 0.33 3 2 1 20.30

aDifference betweenHITRAN 96 energy and calculated energy in cm21.
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JPSwas 1633, and that occurred forJPS51722. A total
of 307 721 352 possible transitions are generated by
computed levels, and the line strengths for each line h
been calculated. In Fig. 8 we show the computed l
strengths in absorption for several temperatures. At h
temperature, the dips between the vibrational bands hav
most completely filled in. The partition function compute
from these energy levels is given in Table VIII. We u
statistical weights of 1 and 3 for the different symmetrie
The partition function may be fit by a power series in te
perature using half integral powers.

These calculations were designed to be the best
could be carried out given the algorithm used and the co
puter hardware available. The high-lying levels are not w
converged, but it is expected that this line list will be val
able for high-temperature simulations because the po
converged levels will primarily contribute to weak lines th
form an unresolved background to the spectra.
J. Chem. Phys., Vol. 106,
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VIII. OTHER ISOTOPES

In this section we consider the other isotopes. Table
gives low lying vibrational frequencies for seven differe
isotopically substituted water molecules. The first line giv
the frequency determined using the PESVemp, the second
using the PESVmassdescribed below, the third uses anab
initio diagonal adiabatic correction,37 and the fourth is the
experimental value.53–59 First consider the different oxyge
isotopes of H2O. The agreement between the results obtain
usingVemp and the experiment is very good: the maximu
difference is only 0.03 cm21. Thus we usedVemp to generate
line lists for H2

17O and H2
18O to compare to the lines in th

HITRAN 96 database for these isotopically substituted spec
These calculations used parameter set A of Sec. V. In Ta
X and XI we give the band by band comparison between
TABLE VII. Selected dipole matrix elements.

Transition Frequency~cm21) Matrix Element~Debye2)

n1n2n3 n1n2n3 Calc. HITRAN Calc. HITRAN

111←000
0 0 0 0 0 0 37.138 37.137 08 3.479 3.454
0 1 0 0 0 0 1634.999 1634.967 10 1.663~22!a 1.497~22!
0 2 0 0 0 0 3196.092 3196.093 00 6.264~25! 4.875~25!
1 0 0 0 0 0 3693.280 3693.293 90 2.520~24! 1.756~24!

101←000
0 0 1 0 0 0 3779.530 3779.492 90 5.508~23! 4.713~23!

110←101
0 0 1 0 0 1 17.475 1.783
0 1 1 0 0 1 1595.785 8.044~23!
0 2 1 0 0 1 3140.021 3.390~25!
1 0 1 0 0 1 3510.489 1.035~24!

111←110
1 0 1 1 0 0 3586.291 2.550~23!

a1.663~22!51.66331022.
No. 11, 15 March 1997
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calculated and tabulated results. Tables X and XI use
same format as Table IV, and again we only give results
bands with at least 100 lines.

The results in Table X for H2
17O are quite similar to the

results for H2
16O. Most of the bands are fit very well, wit

the exceptions of the 111 and 201 bands, which differ s
tematically by nearly 3/4 cm21. The calculated frequencie
are too low. These are fairly high-energy transitions and m
be hinting that a mass dependent correction is beginnin
be important. Overall, the 5, 10, 25, 50, 75, 90, and 95 p
centile differences between the calculated and tabulated
positions are21.17,20.75,20.03,20.02, 0.02, 0.03, and
0.04 cm21. About 2.4% of the lines appear to be outlier
There are a total of 3744 lines in the database for this s
cies, and we were able to match all the tabulated lines w
calculated lines. The agreement between the calculated
tabulated intensities is usually quite good.

In Table XI we give the results for H2
18O. Again the

results are very good on the whole, with a few bands s
tematically off: the 012 band is about 3 cm21 too low, the
031 band is about 4 cm21 too low, and the 003 band is abou

FIG. 8. Spectra of H2
16O for several temperatures.

TABLE VIII. Partition function for water.

Temperature~K! H2
16O

5 1.009 678 1
10 1.328 362 2
50 12.961 455
75 23.170 043
100 35.152 775
200 97.413 639
296 174.578 18
500 386.322 23
750 739.067 20
1000 1218.2469
1500 2713.0010
2000 5276.1830
2500 9455.0113
3000 15 949.203
3500 25 606.465
4000 39 371.543
J. Chem. Phys., Vol. 106,
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6 cm21 too low. The 111 and 201 bands that were syste
atically too low for H2

17O are now a little too high. If the
difference was due primarily to a correction to the PES t
scales with the mass of the oxygen atom, then we wo
expect the17O results to be intermediate between16O and
18O, which is not what we observe. Perhaps some exp
mental error is involved in these bands. Out of the 6357 lin
for this species, we were able to match all but one w
calculated lines, and the 5, 10, 25, 50, 75, 90, and 95 p
centile differences between the calculated and tabulated
positions are22.98, 20.06, 20.03, 0.00, 0.03, 0.20, an
0.43 cm21. We estimate that about 3.4% of the lines a
outliers. The intensities agree pretty well between the co
puted and tabulated results.

Now return to Table IX and consider HD16O, the only
other water species for which data exists in theHITRAN da-
tabase. Here, the differences between the frequencies
Vempand the database are larger — up to 0.26 cm21. In fact,
if one considers all 2058 lines in the database withJ<5, the
rms difference between the frequencies computed us
Vemp and theHITRAN 96 database is 0.247 cm21, which is
about a factor of 6 times greater than for H2

16O. There is also
extensive data54,59 for D2

16O and if we generate lines from
the 180 tabulated energies withJ<5, the rms error using
Vemp is 0.182 cm21 for the 2133 lines with computed inten
sities greater than 10230 cm/molecule~without including an
isotope abundance factor!. To improve on this, we decom
pose the PES into a mass independent part, calledVBO, and
a correction,DVAd, divided by the hydrogen masses.VBO

should represent the Born–Oppenheimer PES plus relat
tic and any mass independent effective nonadiabatic cor
tions, while DVAd should represent the diagonal adiaba
correction to the Born–Oppenheimer PES, mass polariza
corrections, and any effective nonadiabatic corrections
scale as the inverse of the mass. Specifically, we write

Vmass~r 1 ,r 2 ,u!5VBO~r 1 ,r 2 ,u!1
1

m1
DVAd~r 1 ,r 2 ,u!

1
1

m2
DVAd~r 2 ,r 1 ,u!, ~16!

wheremi is the mass of thei th hydrogen isotope in the wate
molecule andVBO and DVAd are determined by requiring
that Vmass5Vemp for H2

16O, Vmass5Vemp1DVHDO for HD
16O, andVmass5Vemp1DVD2O for D2

16O, whereDVHDO and
DVD2O are corrections added toVemp to match the experi-
ment for these species. We can parameterize these w
single set of coefficients because

DVHDO~r 1 ,r 2 ,u!5S 1

mD
2

1

mH
DDVAd~r 1 ,r 2 ,u!, ~17!

and

DVD2O~r 1 ,r 2 ,u!5S 1

mD
2

1

mH
D @DVAd~r 1 ,r 2 ,u!

1DVAd~r 2 ,r 1 ,u!#. ~18!
No. 11, 15 March 1997
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TABLE IX. Low-lying vibrational levels for various isotopic substitution~in cm21).

Source H2
17O H2

18O HD16O D2
16O D2

18O T2
16O HT16O

010
Vemp 1591.36 1588.31 1403.42 1178.23 1170.01 995.18 1332.
Vmass 1403.52 1178.41 1170.20 995.33 1332.4
VZPST 1591.36 1588.31 1403.52 1178.42 1170.18 995.39 1332.
Expt. 1591.33a 1588.28a 1403.48a 1178.38b 1170.16b 995.33c 1332.48d

020
Vemp 3144.98 3139.05 2781.75 2336.48 2320.36 1976.25 2639
Vmass 2782.02 2336.84 2320.74 1976.57 2639.7
VZPST 3144.98 3139.05 2781.95 2336.85 2320.70 1976.66 2639
Expt. 3144.98a 3139.05a 2782.01a 2336.84e

100
Vemp 3653.12 3649.67 2723.44 2671.33 2660.49 2236.79 2299
Vmass 2723.66 2671.65 2660.79 2237.26 2299.8
VZPST 3653.13 3649.66 2723.53 2671.41 2660.53 2236.88 2299
Expt. 3653.14a 3649.68a 2723.68a 2671.65e 2237.15f 2299.77g

001
Vemp 3748.35 3741.60 3707.58 2787.59 2767.37 2366.46 3716
Vmass 3707.48 2787.73 2767.51 2366.61 3716.7
VZPST 3748.33 3741.59 3707.50 2787.57 2767.31 2366.44 3716
Expt. 3748.32a 3741.57a 3707.47a 2787.72e 2366.60h 3716.58f

aHITRAN 96 database. eReference 54.
bReference 59. fReference 53.
cReference 55. gReference 56.
dReference 58. hReference 57.
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We representedDVAd using Eq.~4! with i1 j1k<2, which
resulted in nine parameters. These parameters were
mized by simultaneously fitting the HD16O and D2

16O data.
The final rms error for the combined HD16O, D2

16O fit was
0.019 cm21, and the rms error for HD16O was 0.021 cm21

and 0.017 cm21 for D2
16O. The results using this potentia

for these species are given in Table IX in the row labe
Vmass, and the agreement with experiment is much improv
with maximum error of only 0.04 cm21. The parameters fo
this correction are available from E-PAPS.32 We initially
tried to parameterizeDVAd just using HD16O lines, but the
correction we obtained did not perform very well for th
other hydrogen isotopes. For that fit, the rms error of 0.0
cm21 was only marginally better than what we obtain
J. Chem. Phys., Vol. 106,
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when fitting both HD16O and D2
16O. This suggests that we

were using more parameters than warranted by the avail
data.

We have used the PESVmass to predict all of the
HD16O lines in theHITRAN 96 database, and the band-b
band results are given in Table XII. Of the 9226 lines in t
database, we are able to match 9221. The five unmatc
lines are weak and appear to be missassigned, becaus
initial and final parities are the same, and so violate dip
selection rules. The results are very good for all bands,
as before we see a number of outliers: we estimate that 1
of the lines are incorrect. Over all bands, the 5, 10, 25,
75, 90, and 95 percentile differences between the calcul
and observed line positions are20.04,20.03,20.02, 0.00,
TABLE X. Comparison betweenHITRAN 96 and results fromVemp by vibrational bands for H2
17O. Frequencies

are in cm21 and intensity in cm/molecule.

Band
No.
Lines

No.
Outliers

Line positions Intensitiesa

Error percentiles
Max. abs.
error

Summed
HITRAN

Summed
ratio

Max.
ratio25% 50% 75%

000 000 622 12 0.00 0.00 0.01 0.30 1.94(220!b 1.04 1.2
010 010 117 5 0.00 0.00 0.00 0.04 7.84(224! 1.04 1.1
010 000 872 23 0.01 0.02 0.03 0.59 3.98(221! 1.09 1.5
020 010 210 2 20.04 20.04 20.03 0.06 3.54(224! 1.01 1.3
020 000 247 3 20.02 20.01 0.00 0.06 2.40(223! 1.30 1.8
100 000 387 5 20.03 20.02 20.02 0.06 1.70(222! 1.33 59.
001 000 529 16 0.02 0.03 0.04 0.14 2.52(221! 1.25 1.4
111 000 226 5 20.72 20.64 20.57 20.75 1.77(223! 0.98 2.1
201 000 173 10 20.78 20.74 20.67 2.00 7.33(224! 0.79 2.7

aThe theoretical intensities are multiplied by the isotope abundance factor 3.79931024.
b1.94(220)51.94310220.
No. 11, 15 March 1997
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TABLE XI. Comparison betweenHITRAN 96 and results fromVempby vibrational bands for H2
18O. Frequencies

are in cm21 and intensity in cm/molecule.

Band
No.
Lines

No.
Outliers

Line positions Intensitiesa

Error percentiles
Max. abs.
error

Summed
HITRAN

Summed
ratio

Max.
ratio25% 50% 75%

000 000 766 25 0.00 0.00 0.01 0.14 1.07(219!b 0.99 1.3
010 010 202 9 0.00 0.00 0.00 0.14 4.61(223! 0.99 1.1
010 000 968 34 0.01 0.02 0.03 9.36 2.15(220! 1.06 2.7
020 010 262 3 20.04 20.03 20.03 0.06 1.98(223! 0.97 2.5
020 000 388 12 20.01 20.01 0.00 1.19 1.32(222! 1.26 1.8
100 000 553 3 20.03 20.02 20.01 0.10 9.47(222! 1.27 220
001 000 711 24 0.02 0.03 0.04 0.39 1.39(220! 1.18 1.3
011 010 101 3 20.07 20.06 20.06 0.07 5.19(224! 1.29 1.4
110 000 443 16 0.03 0.05 0.07 6.16 5.64(223! 1.23 3.0
011 000 734 39 20.04 20.04 20.03 9.58 1.48(221! 1.23 3.1
031 000 102 3 23.75 23.65 23.43 17.41 1.59(224! 0.27 26
111 000 335 7 0.19 0.34 0.45 22.04 9.66(223! 0.95 5.9
012 000 152 4 23.05 22.96 22.79 17.07 2.80(224! 0.57 9.0
121 000 140 3 0.43 0.50 0.61 20.60 3.80(224! 1.71 2.9
201 000 279 21 0.08 0.18 0.34 5.03 4.06(223! 0.75 3200
003 000 147 6 26.10 25.97 25.71 13.37 4.48(224! 0.90 1.7

aThe theoretical intensities are multiplied by the isotope abundance factor 1.99731023.
b1.07(219)51.07310219.
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0.01, 0.03, and 0.04 cm21. The ratios of the summed inten
sities are in very good agreement, except for the last
bands, where the ratio is close to three.

Returning again to Table IX, we give our predictions f
three other isotopically substituted water molecules. Co
paring the use ofVemp andVmasswith experimental results
we see thatVmassgreatly improves the results for all cas
exceptn3 for HTO, whereV

mass is only a slight improve-
ment. The largest errors remaining are forn1 of T2O ~0.11
cm21) andn3 of HTO ~0.14 cm21). The experimental data
for these fundamentals is rather old,53 and may be subject to
larger errors. However, for both these molecules, the o
stretching frequency is also given, and it agrees well with
more modern results quoted in Table IX, so the discrepan
may be real.
J. Chem. Phys., Vol. 106,
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Recently Zobovet al.37 have computed the diagona
adiabatic correction for water usingab initio wave functions.
They find that the correction due to oxygen motion is ve
small, which is what we observed. We have added the
ference between their correction for a given isotopically s
stituted species and their correction for H2

16O to Vemp, and
computed the frequencies that are labeledVZPST in Table IX.
We see that the results obtained using this adiabatic cor
tion sometimes agree well withVmass, sometimes going in
the correct direction but not far enough, and sometimes
ing in the wrong direction. It is not clear if this is due to th
approximate electronic wave functions used in Ref.~37! or to
the neglect of other factors, such as mass polarization, w
are included when we empirically determine the correctio
TABLE XII. Comparison betweenHITRAN 96 and results fromVmassby vibrational bands for HD16O. Frequen-
cies are in cm21 and intensity in cm/molecule.

Band
No.
Lines

No.
Outliers

Line positions Intensitiesa

Error percentiles
Max. abs.
error

Summed
HITRAN

Summed
ratio

Max.
ratio25% 50% 75%

000 000 1382 44 20.02 0.00 0.00 1.54 1.17(220!b 1.02 6.1~11!
010 000 1653 11 0.01 0.02 0.03 0.27 2.82(221! 1.05 1.3~12!
001 000 1333 31 20.03 20.02 0.00 0.29 6.33(222! 1.04 3.1~14!
020 000 953 25 20.02 20.01 0.00 0.35 8.42(223! 1.02 2.8~13!
100 000 1646 39 20.01 0.01 0.02 7.59 1.42(221! 1.05 1.6~11!
011 000 860 5 20.02 20.01 0.01 4.59 6.42(223! 1.01 9.4~11!
030 000 602 8 20.04 20.02 20.01 14.87 3.50(223! 1.00 7.0~11!
110 000 576 9 20.02 20.01 0.00 0.64 3.66(223! 3.03 6.7~10!
002 000 216 3 20.04 20.02 0.00 35.96 1.58(223! 2.69 3.3~10!

aThe theoretical intensities are multiplied by the isotope abundance factor 2.99231024.
b1.07(220)51.07310220.
No. 11, 15 March 1997
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IX. COMPARING THE AB INITIO RESULTS AND
EMPIRICAL PES

We have seen that it is possible to modify theab initio
PES and reduce the errors in the line positions by two ord
of magnitude. The next issue is how much of a change in
PES was required and whether the change is consistent
the expected errors of theab initio results. Another issue o
interest is the difference between the fully empirical PES9–11

and the present PES.
In Table XIII we compare the potentialsVBO, Vemp,

PJT,9 PJT2,10 and W ~Refs. 11 and 60! with the ab initio
data. We do not consider the PES of Ref. 61, for those wo
ers apparently did not converge their vibrational wave fu
tions sufficiently well to obtain meaningful results. In Tab
XIII we give statistics on the difference between a particu
PES and our best estimate of the Born–Oppenheimer P
namelyV5Z1DVcore10.87DVbasis. The points selected ar
those used to generateV5Z. First considerVBO and Vemp.
Below 5000 cm21, VBO and Vemp give comparable differ-
ences. Above 10 000 cm21, VBO gradually gets worse. Pre
sumably the reason for this is that the adiabatic correct
which was determined using only low-lying energy leve
becomes less accurate and overestimates the effect a
energies increase. Now consider the three fully empir
PES. Below 5000 cm21, PJT is the best, while for highe
energies W is better. It is often significantly better. The co
parison given in Table XIII makes no real distinction b
tween the PJT and PJT2 potentials. Now compare the f
empirical PES toVemp. Below 1000 cm21, PJT does bette
thanVemp, but is probably not significantly different give
the uncertainties in theab initio calculations. Below 10 000
cm21, W andVemp are close. At higher energies,Vemp is in
significantly better agreement with theab initio data than the
fully empirical potentials.

It should be noted that all three fully empirical potentia
are very similar in that they use the Jensen33 functional form.

TABLE XIII. Differences between various PESs andV5Z1DVcore

10.87DVbasis. Energies in cm21.

Range No. points VBO Vemp PJT PJT2 W

0–500 36 3.1a 3.9 1.9 4.6 5.9
8.7b 8.0 4.0 9.4 12.4

500–1000 16 6.4 8.5 3.2 7.8 12.6
10.8 12.9 7.8 15.1 17.3

1000–5000 47 14.0 13.6 12.0 14.6 18.
30.8 27.5 40.5 37.3 38.6

5000–10 000 47 25.5 24.7 60.4 62.6 31.
56.8 46.8 191.6 179.7 55.2

10 000–15 000 60 32.6 29.4 125.1 133.1 57
77.7 58.7 385.6 428.8 166.8

15 000–20 000 45 44.3 40.2 290.4 309.0 111
90.2 64.8 675.8 722.6 464.4

20 000–25 000 55 46.3 44.2 622.6 618.0 386
116.5 80.3 1823.6 1868.9 1261.1

25 000–30 000 49 50.0 42.8 1263.5 1358.1 906
119.3 84.1 3656.5 3690.1 3010.3

aFirst row is root mean square error.
bSecond row is maximum error.
J. Chem. Phys., Vol. 106,
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The PJT2 PES also includes the Choi and Light36 correction
for small HH distances. The number of unique linear para
eters for each potential is 26 for PJT, 27 for PJT2, and 47
W. Thus, it appears likely that the PJT and PJT2 potent
require more terms to approach the true PES, and when m
terms are added, the results will get closer toVemp. However,
a fully empirical PES will probably never get the very hig
portions of the PES correct. It is also interesting to note t
the maximum differences in the surfaces are significan
larger than the differences in the computed transition f
quencies. This suggests that the uniqueness of an emp
potential would require information about the true function
form of the potential, otherwise the potential can only ho
to do well for regions of the PES that have the greatest
fluence on the fitted energy levels.

We can compareVemp to our most reliableab initio data,
which is given in Table III. Adding the core correction to th
extrapolated energies yields a maximum difference of
cm21, which occurs at 170°, which is a great improveme
over the 151 cm21 error produced by just using the 5Z PE
In all cases,Vemp is in closer agreement with our best es
mate than the 5Z energy. The rms difference drops from
to 17 cm21 from going from 5Z, which was the starting poin
in our optimization, toVemp. Thus, the changes made to th
ab initio data are consistent with the expected errors in
calculations.

In Table XIV we give the equilibrium geometries, ha
monic, and fundamental frequencies for the potentials ge
ated in the present work as well as the empirical PJT, PJ
and W potentials. The results used the PES from the pre
work and W PES use nuclear masses, while the PJT
PJT2 PESs both use atomic masses. Changing to the nu
mass raises the stretching levels by about 1 cm21 and the
bending level by about 0.4 cm21. By construction,Vemp,
PJT, PJT2, and W agree very well with the fundamentals,
PJT and PJT2 have fairly large differences in other qua
ties, as compared toVempand W. For example, the harmon
asymmetric stretch frequency differs by 4 cm21 between
Vemp and PJT2.

In Table XV we give the quartic derivatives of the po
tentials determined in the present work evaluated at th
respective equilibrium geometries. The differences amo
the potentials are not that great. This again shows that
empirical modifications to the PES needed to improve
agreement with the experimental data are small.

X. CONCLUSIONS

We have presented a new PES and DMS for H2O ob-
tained from high-qualityab initio electronic structure calcu
lations at a large number of geometries. The PES was t
empirically modified to match experimental line positions f
H2

16O. The empirical PES was calledVemp. Having accurate
fits to theab initio data and separately including core corr
lation were critically important to obtain the level of agre
ment with the experiment that is reported here; 66% of
experimental lines are matched with errors of less than 0
cm21. It appears that about 3% in the lines in theHITRAN 96
No. 11, 15 March 1997
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TABLE XIV. Equilibrium geometries, harmonic frequencies, and fundamental frequencies for H2
16O using

various potentials.

V5Z V5Z1DVcore VBO Vemp PJTa PJT2b Wc

r e~Å! 0.958 65 0.957 69 0.957 71 0.957 84 0.957 63 0.957 92 0.9
ue 104.348 104.481 104.479 104.508 104.510 104.500 104.
vss~cm

21) 3830.70 3838.14 3834.62 3833.79 3830.83 3830.38 3833.
vb~cm

21) 1653.10 1652.42 1650.16 1649.50 1650.16 1649.59 1649.
vas~cm

21) 3940.48 3948.34 3945.78 3945.36 3942.13 3940.96 3945.
nss~cm

21) 3653.73 3660.99 3657.56 3657.04 3657.09 3657.13 3656.
nb~cm

21) 1598.40 1597.60 1595.36 1594.78 1594.68 1594.66 1594.
nas~cm

21) 3750.93 3758.64 3756.36 3755.95 3755.84 3755.83 3755.
zpe~cm21) 4636.16 4642.92 4639.27 4638.39 4636.87 4634.76 4637.

aPES from Ref. 9, using atomic masses.
bPES from Ref. 10, using atomic masses.
cPES from Ref. 11, using nuclear masses.
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database are either wrong or missassigned.Vempextrapolates
to highJ well in spite of the fact that in the optimization onl
low J (<5) were used.

Vemp is decomposed into a mass-independent part an
mass-dependent correction, which is determined by fitt
simultaneously data for HD16O and D2

16O. This mass depen
dent correction also gives good results for T2

16O and
HT16O. No mass correction appears to be required for
different oxygen isotopes.

No nonadiabatic effects are explicitly included in th
present work. The small errors obtained in the present w
probably indicate that nonadiabatic effects are small. T
present calculations use the nuclear rather than the ato
mass in the rovibrational calculations. It is shown that
low-lying levels, to within 0.02 cm21 changing from one
mass to the other is equivalent to scaling the coordinate
the potential. Thus, if nonadiabatic effects can be accoun
for by changing to the atomic masses, they are on the o
of 0.02 cm21.
J. Chem. Phys., Vol. 106,
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There are some signs that the present PES is not per
The core correlation correction is scaled by 1.635 while c
bration calculations indicate that the correct scaling fac
should be less than one, the level of agreement without
plicitly including nonadiabatic effects is perhaps a bit t
good, and the errors do increase withJ, although that issue is
clouded by apparent errors in the experimental database.
because we fit a substantial fraction of the experimental d
well does not guarantee that the PES is correct. Thus, fur
work, both experimental and theoretical, on this problem
warranted.

The mass-dependent PES described in this work
been used to generate a high-temperature opacity data
for H2

16O, H2
18O, H2

17O, and HD16O. This data is available
from the authors upon request.48
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APPENDIX

The differences from the algorithm of Ref. 39 are
follows. We now use analytic basis functions to describe
stretching degrees of freedom. For the hyperradiusr, which
transforms as the symmetric stretch, the SCF equation t
the form39

2
\2

2m

d2

dr2
cn~r!1VSCF~r!cn~r!5Encn~r!, ~A1!

with r having the domain@0,̀ #. We will expandcn in
terms of the primitive basis

fn~r!5Nnx
a/2exp~2x/2!Ln

~a!~x!, ~A2!

with x5jr, j and a parameters,Nn a normalization con-
stant, andLn

(a) a generalized Laguerre polynomial.62 These
polynomials are orthogonal with respect to the weight fu
tion xaexp(2x) on the interval@0,̀ #. In the absence o
round-off error, the kinetic energy matrix elements are giv
exactly by quadrature:

Tnn85
2\2

m
NnNn8(

i51

N

wi@Ln
~a!~xi !~a2xi !12xiLn

~a!8~xi !#

3@Ln8
~a!

~xi !~a2xi !12xiLn8
~a!

8~xi !#, ~A3!

wherewi and xi are the Gaussian quadrature weights a
nodes for the weight function xa22exp(2x) and
N.max(n,n8)12. The potential matrix elements are al
evaluated by Gaussian quadrature. The quadrature we
and nodes can be computed using, e.g., the routines

Ref. 49. TheLn
(a) and Ln

(a)8 can be easily computed from
recursion relations.

The final ingredients in our basis are the parametera
and z. We determine them by matching the position a
relative curvature off0 to the harmonic wave function. Thi
results in the relations

z52remv/\, ~A4!

and

a5zre , ~A5!

with v the harmonic frequency andre the equilibrium bond
length. For H2O, on the first SCF iteration forJPS5011
~at this point in the iterations the bending angle is fixed at
equilibrium value and the PES is averaged over the low
J. Chem. Phys., Vol. 106,

Downloaded¬25¬Nov¬2009¬to¬143.232.215.59.¬Redistribution¬subject
n
d
f
ith

he
S

-

e

es

-

n

d

hts
m

s
st

function for the hyperangle!, we have z5161/ao and
a5403. Becausea is large, it is advantageous to write

Nn5F G~n11!z

G~a1n11!G
1/2

5FG~a11!G~n11!

G~a1n11! G1/2F z

G~a11!G
1/2

, ~A6!

and include the first factor in the polynomials and the squ
of the second factor in the quadrature weights. To deal w
the large numbers produced by using largea, one can use
logarithms for intermediate quantities and then exponent
the result.

These basis functions are reasonably efficient—usin
single function gives an energy within 92 cm21 of the con-
verged result for the ground vibrational level. Also the r
sults are very stable when using large numbers of basis fu
tions. It should be noted that all inverse powers ofr up to
a give rise to finite matrix elements and can be evalua
exactly by quadrature. This basis is similar to that introduc
by Kauppi,63 except thatx5j/r anda51/2 were used.

When determining the optimized quadrature weights a
nodes64 for the contracted functions, we made two chang
First, the weight function was taken to be the sum of t
squares of all the contractedr functions, divided byr2. Sec-
ond, rather than using matrix elements of powers ofr2re to
generate the quadrature nodes, we used matrix elemen
powers ofr2ro , with ro an adjustable parameter. We the
variedro to minimize the root-mean-square size of the m
trix elements of the powers. These changes were necessa
give numerical stability to the determination of the quad
ture nodes when large numbers of points were desired f
large number of contracted functions.

For the hyperanglex, which transforms like the asym
metric stretch, the SCF equation takes the form39

2
\2

2m

d2

dx2cn~x!1VSCF~x!cn~x!5Encn~x!, ~A7!

with x having the domain@0,p/2#. Coupling terms in the
full kinetic energy require the evaluation of the operato
sin22x and cos22x, which gives rise to singularities at 0 an
p/2.

In this case, we make the transformation

x5cos 2x, ~A8!

and use as primitive basis functions

fn~x!5Nn~12x!a/211/4~11x!b/211/4Pn
~a,b!~x!, ~A9!

whereNn is a normalization constant,a andb are param-
eters, andPn

(a,b) is a Jacobi polynomial.62 These polynomials
are orthogonal with respect to the weight functio
(12x)a(11x)b on @21,1#. The extra factors of 1/4 in Eq
~A9! come from the Jacobian determinant. Then, in the
sence of round-off error, the kinetic energy matrix eleme
can be computed exactly by quadrature, i.e.,

Tnn85
\2

2m
NnNn8(

i51

N

wiDn
~a,b!~xi !Dn8

~a,b!
~xi !, ~A10!
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where

Dn
~a,b!~x!5Pn

~a,b!~x!@~a1 1
2!~11x!2~b1 1

2!~12x!#

22~12x2!Pn
~a,b!8~x!, ~A11!

wi andxi are the Gaussian quadrature weights and nodes
the weight function (12x)a21(11x)b21 and
N.max(n,n8)12. If

VSCF~x!5~11x!2d~12x!2g(
i50

p

v ix
i , ~A12!

then providedd,b andg,a, the potential matrix element
will be given exactly by the Gaussian quadrature from
weight function (12x)a2g(11x)b2d. Since 2 cos2 x511x
and 2 sin2 x512x, the singular operators in the kinetic e
ergy coupling can also be evaluated exactly whena,b.1.

To determinea andb, we proceed as before and mat
f0 to the harmonic oscillator wave function. This produc

b5~11cos 2xe!mv/42 1
2, ~A13!

and

a5@b~12cos 2xe!2cos 2xe#/~11cos 2xe!, ~A14!

wherexe is the equilibrium value ofx. On the first SCF
iteration,~at this point the other coordinates are fixed at th
equilibrium values!, we havea5b551, and approximating
c0 by f0 yields an energy within 1.5 cm

21 of the converged
result. Thus, this is a very efficient basis set.

One could also use a linear transformation ofx instead
of Eq. ~A8! to give a function having the domain@21,1#.
However in that case, matrix elements of sin22 x and
cos22 x would not be given exactly by quadrature.

When computing the optimized quadrature nodes,
weight function is taken to be the sum of the square of all
contractedx functions, divided by cos2 x sin2 x and powers
of x were used to generate the quadrature. Thus, all funct
of the form of Eq.~A12! with d5g51 andp<nx21, with
nx the total number of quadrature points~i.e., 14 for
JPS5011), will be integrated exactly.

Since the body framez axis was aligned along one of th
Radau vectors, the primitive rotation–bending functions
not symmetric with respect to exchanging the two H atom
However, the converged functions obtained by diagonaliz
the rotation–bending part of the Hamiltonian either have
full symmetry, or are linear combinations of degener
functions that have the full symmetry. This diagonalization
part of the SCF procedure. To determine the symmetry
to unmix the degenerate levels, we proceeded as follows:
evaluated the functions and the permutation operator ac
on the functions at 100 randomly chosen configurations,
then we applied the techniques described in Ref. 39 to p
duce functions of pure symmetry. This is an inexpens
step. Only those functions whose root-mean-square devia
from the average of the symmetry eigenvalue was less
0.01 were deemed pure enough to use in subsequent ste
the calculation. This reduced the effective value of the
ergy cutoff parameter for highJ.
J. Chem. Phys., Vol. 106,
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In the present work, we performed the diagonalization
two steps: first we coupled all functions with a givenV, and
then we coupled only those functions with energies below
cutoff energy. In the present application, the first diagon
ization step is not really necessary sinceV is not even re-
motely a good quantum number and essentially all functi
from eachV were used.

To assign approximate rotation–bending quantum nu
bers, the expectation value of the deviation of cosũ2 from its
average value was computed and then sorted into ascen
order. An example of this is given in Fig. 9 fo
JPS51011. Figure 9 shows a stair step structure, and
first step is forn250, the second forn251, etc. For low
n2 and low to moderateJ, there is very little mixing between
bend and rotation, so clear steps appear. For highern2 and
high J, there is more mixing and the step structure disa
pears. Nonetheless, we use a procedure based on this f
J andn2 . Specifically, after the sort, the firstnrot

JPS functions
are assigned a bending quantum number of zero, etc, w
nrot
JPS is the number of rigid rotator functions of the particul
JPSof interest. Then for eachn2 , the rotational levels were
labeled by the rigid rotator quantum numbers, and the p
ticular choices were made by ordering both by energy.

To assign approximate quantum numbers for the ro
brational levels, we simply determined the eigenvector co
ponent of largest magnitude. Then the symmetric stre
quantum number was the number of nodes in the hyperra
basis function of this component, the asymmetric stretch
quantum number was the number of nodes in the hypera
basis function of this component, and the rotation–bend
quantum numbers were taken from the assigned values o
rotation–bending function of this component.
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