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A b s t r a c t  

An i m p l i c i t  f i n i t e  d i f f e r e n c e  scheme i s  devel- 
oped f o r  t h e  numerical s o l u t i o n  o f  t h e  compressible  
Mavier-Stokes equa t ions  i n  conservat ion-law form. 
The a l g o r i t h m  is second-order-time a c c u r a t e ,  non- 
i t e r a t i v e ,  and s p a t i a l l y  f a c t o r e d ,  I n  o r d e r  t o  
o b t a i n  a n  e f f i c i e n t  f a c t o r e d  a lgor i thm,  t h e  s p a t i a l  
c r o s s - d e r i v a t i v e s  a r e  e v a l u a t e d  e x p l i c i t l y .  However, 
t h e  a l g o r i t h m  i s  uncondi t iona l ly  s t a b l e  and, a l though  
a three- t ime-level  scheme, r e q u i r e s  on ly  two-time- 
l e v e l s  o f  daca s t o r a g e .  The a l g o r i t h m  i s  c o n s t r u c t e d  
i n  a "de l ta"  form ( i . e . ,  increments  of the  conserved 
v a r i a b l e s  and f l u x e s )  t h a t  p r o v i d e s  a d i r e c t  der iva-  
t i o n  of  t h e  scheme and l e a d s  t o  an  e f f i c i e n t  compu- 
t a t i o n a l  a lgor i thm.  I n  a d d i t i o n ,  t h e  d e l t a  form h a s  
t h e  advantageous proper ty  of a s t e a d y - s t a t e  ( i f  one 
e x i s t s )  independent of t h e  s i z e  of t h e  time s t e p .  
Numerical r e s u l t s  a r e  p resen ted  f o r  a two-dimensional 
shock boundary-layer i n t e r a c t i o n  problem. 

I. I n t r o d u c t i o n  - 

Numerical computations based on the f u l l  com- 
p r e s s i b l e  Navier-Stokes e q u a t i o n s  f i r s t  appeared 
s l i g h t l y  more than a decade ago. During t h e  r e l a -  
t i v e l y  b r i e f  i n t e r v e n i n g  p e r j q d ,  cons iderab le  
advancement h a s  been made i n  t h e  c a l c u l a t i o n  of bo th  
two- and three-dimensional  f low f i e l d s .  A compre- 
hens ive  summary of f i n i t e - d i f f e r e n c e  methods and 
c a l c u l a t i o n s  f o r  t h e  1965 t o  1975 per iod  has been 
made by P e y r e t  and v iv iandl  and we w i l l  not  a t t empt  
t o  d u p l i c a t e  t h e i r  review. Both e x p l i c i t  and 
i m p l i c i t  numerical  methods have been s u c c e s s f u l l y  
a p p l i e d  t o  a v a r i e t y  o f  f low c a l c u l a t i o n s  and 
n e i t h e r  method has  reached i t s  f u l l  p o t e n t i a l .  Tra- 
d i t i o n a l l y ,  i m p l i c i t  numerical  methods have been 
p r a i s e d  f o r  t h e i r  improved s t a b i l i t y  and condemned 
f o r  t h e i r  l a r g e  a r i t h m e t i c  o p e r a t i o n  counts .  Hence 
t h e  cho ice  of  a n  i m p l i c i t  a l g o r i t h m  impl ies  t h a t  t h e  
t ime-step l i m i t  imposed by a n  e x p l i c i t  s t a b i l i t y  
bound must be s i g n i f i c a n t l y  less than  t h e  t ime-step 
l i m i t  imposed by t h e  accuracy bound. This  s i t u a t i o n  
commonly arises i n  t h e  numerical  s o l u t i o n  o f  a t i m e  
dependent system of f low e q u a t i o n s  and r e s u l t s  from 
d i s p a r a t e  c h a r a c t e r i s t i c  speeds  and/or  l eng th  s c a l e s .  
(Such problems a r e  o f t e n  s a i d  t o  b e  " s t i f f  .I1) 

Recent i n t e r e s t  i n  i m p l i c i t  methods h a s  been spur red  
by t h e  development o f  improved n o d t e r a t i v e  algo- 
r i t h m ~ ~ - ~  and t h e  t r e n d  of c u r r e n t  computer hardware 
development t o  be l i m i t e d  by d a t a  t r a n s f e r  speed 
r a t h e r  t h a n  t h e  speed of a r i t h m e t i c  u n i t s .  

An e f f i c i e n t  i m p l i c i t  f i n i t e - d i f f e r e n c e  algo- 
r i t h m  f o r  t h e  E u l e r i a n  ( i n v i s c i d )  gasdynamic equa- 
t i o n s  i n  conservat ion-law form was r e c e n t l y  devel- 
oped.4 The purpose of t h i s  paper is t o  extend t h a t  
a l g o r i t h m  t o  inc lude  t h e  compressible  Navier-S t o k e s  
equa t ions  (Sec t ion  11). The extended algori thm f s  
n o n i t e r a t i v e  and r e t a i n s  t h e  conservation-law form 
which is  e s s e n t i a l  f o r  t h e  p r o p e r  t reatment  of 
embedded shock waves ("shock capturing") .  The tem- 
poral d i f f e r e n c e  approximation h a s  been genera l ized  
t o  r e t a i n  a v a r i e t y  of schemes i n c l u d i n g  a 
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three- lqvel  scheme r e q u i r i n g  on ly  two l e v e l s  of d a t a  
s to rage .  A t h r e e - l e v e l  scheme a l l o w s  t h e  s p a t i a l  
c r o s s - d e r i v a t i v e  terms t o  be e f f i c i e n t l y  included i n  
a s p a t i a l l y  f a c t o r e d  second-older-time-accurate 
a lgor i thm wi thout  u p s e t t i n g  t h e  uncondi t iona l  s t a -  
b i l i t y  of t h e  a lgor i thm.  The development and f i n a l  
a lgor i thm make e x t e n s i v e  use of  t h e  "de l ta"  form 
( increments  o f  t h e  conserved v a r i a b l e  and f l u x  vec- 
t o r s )  t o  a c h i e v e  a n a l y t i c a l  s i m p l i c i t y  and numerical  
e f f i c i e n c y .  The d e l t a  fo rmula t ion  a l s o  r e t a i n s  the  
advantageous p r o p e r t v  of a s t e a d y - s t a t e  ( i f  one 
e x i s t s )  independent  o f  t h e  t i m e  s t e p .  

I n  S e c t i o n  111 we develop a n  i m p l i c i t  time- 
dependent houndary-condition scheme. We cons ider  
two p h y s i c a l  problems t h a t  p rov ide  a v a r i e t y  of 
boundary c o n d i t i o n s .  A l i n e a r  s t a b i l i t y  a n a l y s i s ,  
based on model two-dimensional c o n v e c t i v e  and d i f f u -  
s i v e  s c a l a r  e q u a t i o n s ,  is summarized i n  Sec t ion  I V .  
The a n a l y s i s  i n d i c a t e s  t h a t  the  f a c t o r e d ,  second- 
o rder -accura te  scheme i s  u n c o n d i t i o n a l l y  s t a b l e .  A 
method f o r  add ing  numerical d i s s i p a t i o n ,  when 
r e q u i r e d ,  i s  p r e s e n t e d  i n  S e c t i o n  V. 

Numerical examples i n  S e c t i o n  VI inc lude  t h e  
t r a n s i e n t  development of Couet te  f low and t h e  o s c i l -  
l a t o r y  flow genera ted  by a w a l l  moving wi th  s inu-  
s o i d a l  v e l o c i t y  i n  i t s  own p l a n e .  The purpose of  
t h e s e  s imple f low c a l c u l a t i o n s  was t o  t e s t  the  algo- 
r i thm and boundary c o n d i t i o n s  on unsteady problems 
f o r  which t h e  e x a c t  s o l u t i o n s  a r e  known. A s  a nore  
severe  t e s t  o f  t h e  a lgor i thm,  t h e  numerical  s o l u t i o n  
of a two-dimensional shock-boundary-layer i n t e r a c -  
t i o n  flow was computed. The r e s u l t s  o f  t h e  numeri- 
c a l  examples i n d i c a t e  numerical  s t a b i l i t y  and accu- 
racy f o r  Courant numbers much g r e a t e r  than un i ty .  

11. Algorithm Development 

The two-dimensional compressible  Navier-Stokes 
equa t ions  can b e  w r i t t e n  i n  t h e  conservat ion-law 
form 

where U i s  t h e  v e c t o r  of conserved v a r i a b l e s  and 
F, G, V ,  and W a r e  f l u x  v e c t o r s  ( s e e  Appendix f o r  
d e t a i l s ) .  A s i n g l e - s t e p  temporal scheme f o r  advanc- 
i n g  t h e  s o l u t i o n  of (1) is (from Ref. 5) 

where un = U(nAt) and AU" = uel - un. The t i n e  
d i f f e r e n c i n g  formula ( 2 ) ,  with  t h e  a p p r o p r i a t e  
cho ice  of  t h e  parameters  6 and 8 ,  reproduces many 
f a m i l i a r  two- and t h r e e - l e v e l ,  e x p l i c i t  and i m p l i c i t  
schemes a s  listed-,.-& Table 1. I n  a d d i t i o n  i t  encom- 
passes  o t h e r  v a d a t i o n s  i n c l u d i n g  v i r t u a l l y  a l l  t h e  
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Table 1 P a r t i a l  list of schemes contained 
i n  Eq. (2) 

e 5 Scheme Truncation e r r o r  
0 0 Euler,  e x p l i c i t  W t 2 )  

1 0 - -  Leapfrog, e x p l i c i t  o ( a t 3 )  - - ; 0 Trapezoidal ,  i m p l i c i t  o ( d t 3 )  

1 0 Euler,  i m p l i c i t  0(At2) 
1 1 2 3-point-backward, imp l i c i t  o ( a t 3 >  

t i m e  d i f f e r ence  approximations f o r  t he  d i f f u s i o n  
equat ion  given by Richtmyer and Morton (Ref. 6,  
p. 189). Note t h a t  scheme (2) i s  second-order- 
accu ra t e  when 0 = 1 /2  + 5 and f i r s t -order -accura te  
otherwise.  I n  the  app l i ca t ions  which fol low we a r e  
p r imar i ly  i n t e r e s t e d  i n  t h e  three- level ,  second- 
order-accurate scheme 0 = 1, 5 = 1/2.  I n  t h i s  
paper we w i l l  not  consider the e x p l i c i t  ,schemes; 
however, t he  v e r s a t i l i t y  of t he  more genera l  c l a s s  
of  schemes i n  the  a n a l y t i c a l  development and t h e  
a lgor i thm programing can be achieved wi th  a modicum 
of e f f o r t .  

I f  Eq. (1) is solved f o r  alJ/at ( i . e . ,  Fx and Gy 
a r e  moved t o  the  r i g h t  s ide )  and the r e s u l t i n g  
express ion  f o r  t he  temporal der iva t ive  i s  i n se r t ed  
i n  ( 2 ) ,  we obta in  

where Fn+l = F(u"+~) ,  AF" = Fn+l - Fn, e t c .  In  
Eq. (3)  and i n  t he  equat ions  t o  follow, t he  vec to r  
denoted by the  symbol lJn = U(nAt) is assumed t o  be 
a s o l u t i o n  of the  p a r t i a l - d i f f e r e n t i a l  equat ion  (1) .  
When a/ax and a/ay a r e  approximated by d i f f e r ence  
q u o t i e n t s ,  then the  symbol U" is  replaced by ~ 2 , ~  
where x = iAx, y = jAy, and the  order  symbol - 
0 [ ( 8  - 112 - 5)bt2  + L,t3] w i l l  be dropped. The 
r e s u l t i n g  formula w i l l  then be the  numerical algc- 
r i thm and u ? , ~  w i l l  denote t he  numerical so lu t ion .  

I f  t he  s p a t i a l  de r iva t ives  of (3) were approxi- 
mated by f i n i t e  d i f f e r ences ,  t he  f i r s t  obvious d i f -  
f i c u l t y  i n  so lv ing  the  a lgebra ic  equations f 6 r  dun 
would be the non l inea r i t y  of t he  s e t  of equations.  
The nonl inear i ty  is  a consequence of t he  f a c t  t h a t  
t he  f l u x  vec tor  increments (AFn, A G ~ ,  AV", Awn) a r e  
nonl inear  functions of t he  conserved v a r i a b l e s  U. 
A l i n e a r  equation wi th  t h e  same temporal accuracy a s  
Eq. (3) can be obtained i f  we use t he  Taylor s e r i e s  
expans ion  

where A is the  Jacobian matrix aF/aU (Appendix, 
Eq.  (A13)). Likewise 

av, n 
AVln = ( G ) n A U n  + (%) + 0(dt2)  

where R i s  the  Jacobian aV,/aU, and Rx = aR/ax. 
S imi l a r ly ,  

A second but perhaps l e s s  obvious d i f f i c u l t y  
a r i s e s  from t h e  s p a t i a l  c r6ss-der iva t ive  terms 
8V2/3x and aWl/ay. I f  t he se  terms were t r ea t ed  i n  
t he  same manner a s  (4) we would encounter consider- 
ab le  d i f f i c u l t y  i n  cons t ruc t ing  an e f f i c i e n t  spa- 
t i a l l y  fac tored  algorithm. Another method of t r ea t -  
ing  these  cross-derivative terms is t o  evalua te  them 
e x p l i c i t l y .  This can be done without l o s s  of accu- 
racy and wi th  minimal computational e f f o r t  if we 
note t h a t  

f o r  a uniform time s t e p  A t .  One might a n t i c i p a t e  
t h a t  t he  e x p l i c i t  treatment of  t he  cross-derivative 
terms would have an adverse e f f e c t  on the  numerical 
s t a b i l i t y ;  however, t he  f i n a l  fac tored  imp l i c i t  
algori thm w i l l  be uncondi t ional ly  s t a b l e  (Sec- 
t i on  IV) . 

I f  t h e  approximations (4)  and (5) a r e  in t ro-  
duced i n  (3)  we obtain 

- 
where a e has  been intrcduced i n  the  coe f f i c i en t  
of t h e  cross-derivative terms f o r  notational-conven- 
ience.  For second-order-accurate schemes 0 
should be s e t  equal t o  8. However, f o r  f i r s t -  
order-accurate schemes (9 # 1 /2  + 5 )  i t  is consis- 
t e n t  and, f o r  some ca l cu l a t i ons ,  advantageous t o  s e t  - 
0 equal  t o  zero. The spa t ia l ly- fac tored  form of 
(6) which r e t a i n s  the  temporal accuracy can be 
e a s i l y  obtained i f  we no te  t h a t  

t 1 n  Eq. (6) and throughout t h e  remainder of 
t h i s  paper,  nota t ion  of t h e  form 

[? ax (A - P + Rx)n]Aun 



where LHS (6)  is used t o  i n d i c a t e  t h e  lef t -hand 
s i d e  of Eq. (6) .  Thus a s p a t i a l l y  fac tored  
a l g o r i t h m  wi th  the  same temporal  accuracy a s  (3 )  
b u t  l i n e a r  i n  A u n  is 

I n  p r a c t i c e  (8) i s  implemented by t h e  sequence 

The s p a t i a l  d e r i v a t i v e s  appearing i n  (9) a r e  t o  
be approximated by a p p r o p r i a t e  f i n i t e - d i f f e r e n c e  
q u o t i e n t s .  For example, t h e  fol lowing th ree-po in t  
second-order-accurate c e n t r a l  d i f f e r e n c e  approxima- 
t i o n s  were used f o r  t h e  numer ica l  computations 
d e s c r i b e d  below: 

c o e f f i c i e n t  m a t r i c e s  P ,  R, Q,  and S and t h e  f l u x  
v e c t o r s  V and W. 

Although (8) c o n t a i n s  t h r e e  t ime l e v e l s  o f  d a t a  
( d l ,  n ,  n-1) , o n l y  two " leve l s"  o f  d a t a ,  U and AU, 
need be s t o r e d  f o r  each s p a t i a l  g r i d  po in t .  The 
computation o f  t h e  s p a t i a l  d i f f e r e n c e s  of t h e  i n c r e -  
mental V2 and W1 ( c r o s s - d e r i v a t i v e  terms i n  RHS(8)) 
r e q u i r e s  t h e  " recons t ruc t ion"  of un-l ; however, t h e  
c o s t , o f  computing t h e s e  terms i s  o n l y  a  few p e r c e n t  
of t h e  t o t a l  computation c o s t .  

The J a c o b i a n  m a t r i c e s  A, B ,  R,  and S (Eqs. ( 4 ) )  
have r e l a t i v e l y  s imple elements  ( s e e  Appendix; 
Eqs. ( A . 1 3 )  through (A.16)). I n  g e n e r a l  t h e  v i s c o u s  
c o e f f i c i e n t s ,  X and p ,  a r e  f u n c t i o n s  of t h e  tempera- 
t u r e  which i s  a func t ion  of t h e  e lements  of U ( A . 7 ) .  
Consequently, t h e  Jacobian  m a t r i c e s  P and O have 
q u i t e  complex elements  i n  t h e  most g e n e r a l  case .  
For some c a s e s  c e r t a i n  p h y s i c a l  approximations can 
be made t h a t  s i g n i f i c a n t l y  s i m p l i f y  t h e  ca lcu la -  
t i o n s .  For example, i f  t h e  v i s c o u s  c o e f f i c i e n t s  a r e  
changing s lowly  wi th  t ime,  t h e  Jacobians  P and Q 
(4c.,d) can be adequa te ly  r e p r e s e n t e d  by n e g l e c t i n g  
the  depertdence of A and on U ( i . e . ,  Eqs. (A .  17) 
and (A.18)).  F u r t h e r  s i m p l i f i ~ a t i o n s  occur i f  t h e  
v i scous  c o e f f i c i e n t s  a r e  assumed t o  be l o c a l l y  con- 
s t a n t  i n  which c a s e  

and t h e  LHS (9a ,b)  con th in  on ly  t h e  Jacobians  A ,  B,  
R ,  and S. Note t h a t  the  s t e a d y - s t a t e  s o l u t i o n  ( i f  
one e x i s t s ) ,  which forms p a r t  of t h e  RHS (8), is  n o t  
a f f e c t e d  by t h e  assumptions made i n  computing t h e  
Jacobians.  

111. Boundary Condi t ions  

The a p p l i c a t i o n  of t h e  a l g o r i t h m  (9)  a t  t h e  
boundaries  o f  t h e  computation r e g i o n  can be conven- 
i e n t l y  exp la ined  by s tepp ing  th rough  t h e  sequence of 
o p e r a t i o n s  r e q u i r e d  t o  advance t h e  s o l u t i o n  from 
l e v e l  n  t o  n+l. Two p h y s i c a l  problems, which 
provide a  v a r i e t y  of boundary c o n d i t i o n s ,  a r e  con- 
s i d e r e d  i n  t h e  fo l lowing  d i s c u s s i o n .  For both prob- 
lems t h e  s p a t i a l  computat ional  domain i s  d iv ided  
i n t o  a  r e c t a n g u l a r  C a r t e s i a n  g r i d  x = iAx, y = jAy. 

' The f i r s t  problem (Fig.  l a )  is a Couet te  flow 
where t h e  upper  and lower boundar ies  ( j  = 1, J) a r e  
r i g i d  walls which may have nonzero v e l o c i t y  i n  t h e i r  
own plane.  The o t h e r  boundaries  ( i  = 1, I )  a r e  pre-  
s c r i b e d  by s p a t i a l l y  p e r i o d i c  ( p e r i o d  = II)  boundary 
c o n d i t i o n s .  

wi th  analogous formulae f o r  t h e  y d e r i v a t i v e s .  
With th ree-po in t  c e n t r a l  d i f f e r e n c e  approximations,  
t h e  x- and y-operators  on t h e  l e f t  s i d e  of (9a,b) 
each r e q u i r e  t h e  s o l u t i o n  o f  a block - t r i d i a g o n a l  
sys tem of  eqvlations w i t h  each  block having dimen- 
s i o n s  q by q ,  where q i s  t h e  number of components 
of U (q = 4 f o r  the  two-dimensional Savier-Stokes 
e q u a t i o n s ) .  However, t h e  b lock- t r id iagona l  s o l u t i o n  
a l g o r i t h m  i s  the  same a s  t h a t  r e a u i r e d  i n  t h e  o r i e i -  " 
n a l  a lgor i thm4 f o r  t h e  Yuler ian  ( i n v i s c i d )  eqna t ions .  
The a d d i t i o n a l  computat ional  e f f o r t  generated by t h e  c o n d i t i o n s  a r e  p a r a b o l i c  i n  t h e  boundary l a y e r  and 

viscous terms i s  r e f l e c t e d  i n  t h e  e v a l u a t i o n  of t h e  hyperbol ic  i n  t h e  f rees t ream which permit  e x t r a p o l a -  
t i o n  of d a t a  from t h e  i n t e r i o r  t o  t h e  boundary. 

The second problem (Fig. l b ) ,  a shock-bcundary- 
l a y e r  i n t e r a c t i o n ,  has  a  s u p e r s o n i c  f low i n t o  t h e  
reg ion  i = 1, j = 1, J. The f l a t  p l a t e  ( j  = 1, 
i = I L  t o  I) is  r L  i g i d  w a l l  and ahead of t h e  lead-  
i n g  edge (j = 1, i = 2 t o  IL-1) a  y-symmetry condi- 
t i o n  is a p p l i e d .  The upper boundary c o n d i t i o n s  
(j = J )  are chosen t o  genera te  t h e  shock-wave t h a t  
impinges on t h e  f l a t  p l a t e .  Ahead of  the  shock 
( j  = J,  i = 1 t o  I S  - 1)  t h e  s u p e r s o n i c  inf low con- 
d i t i o n s  are chosen and behind t h e  shock ( j  = J ,  
i = IS  t o  I )  t h e  post-shock c o n d i t i o n s  a r e  s e t .  At 
t h e  f i n a l  boundary ( i  = I ,  j = 1 t o  J) t h e  ou t f low 
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(b) Shock boundary layer  mesh. 

Fig. 1 Indexing of computational mesh f o r  flow 
ca l cu l a t i ons .  

Next we consi.ler t he  d e t a i l s  of the numerical 
a p p l i c a t i o n  of t h .  boundary condit ions.  F i r s t ,  we 
cons ider  t he  e x p l ~ c i t  po r t i on  of the  boundary condi- 
t i o x ~ s  and then the  i m p l i c i t  portion. 

4 

E x p l i c i t  Por t ion  

A t  t he  s t a r t  oZ the  ca l cu l a t i on  ( t  = nAt = 0) 
we assume tha t  a complete d e s c r i p t i o ~  l L  t h e  i n i t i a l  
flow f i e l d  is provided a t  each mesh poin t .  I n  gen- 
e r a l ,  t he  algori thm (9) is a three-level  scheme and 
two l e v e l s  of s t a r t i n g  da t a  a r e  required.  However, 
i f  two l e v e l s  of i n i t i a l  d a t a  a r e  not  a v a i l a b l e ,  t he  
second l e v e l  can be  cbta ined  by applying t h e  algo- 
r i t hm (9)-as a two-level scheme f o r  one s t e p ;  f a r  
example, 8 = 5 = 0. 

The f i r s t  encounter wi th  the  boundary condi t ions  
occurs  i n  t he  evalua t ion  of t he  "steady-state" por- 
t i o n  of  the  r i g h t  s i d e  of (8) ; t h a t  is,  e 

Expression (12) is  ca l l ed  the  s teady-s ta te  po r t i on  
because t h i s  quant i ty  w i l l  be equal t o  zero i f  t h e  
s o l u t i o n  converges ( i .  e. , blJN = 0) . The s p a t i a l  
accuracy of t h i s  po r t i on  of t he  ca l cu l a t i on  thus  
determines t he  s p a t i a l  accuracy ef  the s teady-s ta te  
so lu t ion .  

Let us begin wi th  t h e  treatment of a r i g i d  
boundary (Fig. l a ,  j = 1 ) .  I f  three-point c e n t r a l  
d i f f e r e n c e s  a r e  used t o  approximate a/ax and a/ay 
i n  (12), t he  boundary j = 1 is  encountered i n  t he  
a/ay approximation and we requi re  

where, f o r  s imp l i c i t y ,  tho  i index i s  suppressed. 
Since u and v a r e  prescribed on the  boundary 
(uj=l = 0, vj31 = 0) and T can be obtained from 
t he  condi t ion  a t  the  wal l  ( f o r  example by extrapola-  
t i o n  from t h e  flow f i e l d  a t  an ad i aba t i c  wall ,  
aT/ay = 0) , t h e  W par t  of (13) ( see  Appendix, 
Eq. (I. 5) )  is e a s i l y  obtained by using one-sided 
d i f f e  ence approximations f o r  ( a ~ / a y ) ~ = ~  and 
( av/ ay \ j= ; f o r  example, 

The no-sl ip boundary condi t ion  (uj=1 = 0, vj=1 = 0) 
s i m p l i f i e s  t h e  computation of Gj=l, Eq.  (A.  3 ) ,  t o  
t he  evalua t ion  of ; . j=l ;  t h a t  i s ,  

We use t he  normal momentum equation 

with t he  no-s l ip  boundary condi t ion  (u j=i  =vj=1  = 0 
t o  obta in  

I f  ap/ay is approximated by a one-sided d i f ference  
quo t i en t ,  f o r  exaaple 

and t h e  r i g h t  s i d e  of (17)  is  evaluated by an  appro- 
p r i a t e  d i f f e r ence  approximation (u and v a re  known 
a t  a l l  g r i d  po in t s ) ,  then we ob ta in  an e x p l l c i t  
expression f o r  p on the  boundary (p l ) .  I f  t h e  
r i g i d  wal l  were moving i n  i ts  own plane 
(uj,l = u o ( t ) ,  v j = l  = 0) t he  a n a l y s i s  would proceed 
as  before  except  with t he  proper p re sc r ip t ion  of 

1 .  The upper boundary ( j  = J) of the  Couette 
flow problem is i d e n t i c a l  i n  treatment t o  t he  lower 
boundary. A t  the  o ther  boundaries,  i = 1, i = I,  
s p a t i a l l y  per iodic  boundary condi t ions  a r e  appl ied ,  
t h a t  is, UI = U 2 ,  U1 = 1J1-1. 

The supersonic inflow boundary condit ions f o r  
t he  shock-5oundary-layer problem (Fig. l b )  were 
f ixed  a t  free-stream values Ui=l = Ufree stream. 
These same free-stream condi t ions  were applied at 
the  upper boundary ahead of the shock (j = 3 ,  i = 1 
t o  I S  - 1) .  The post-shock condi t ions  were f ixed  a t  
the  remaining upper boundary po in t s  (j = J, i = IS 
t o  I).  Since  t h e  charac ter  of  t h e  flow i n  the 
boundary l a y e r  f a r  downstream is parabolic 2nd the  
flow i- the f r e e  stream hyperbol ic  (supersonic) , t h e  
outflcw condi t ions  were obta ined  by simple 

- -- - 



e x t r a p o l a t i o c  , U1 = UI - I .  The low-order ex t rapola -  
t i o n  is used s i n c e  no i n f l u e n c e  should be f e l t  
upstream i n  t h e  reg ion  o f  t h e  shock-boundary-layer 
i n t e r a c t i o n .  The boundary condi t ions  upstream of  
t h e  p l a t e  l e a d i n g  edge (j = 1, i = 1 t o  I L  - 1) were 
o b t a i n e d  from t h e  flow symmetry condi t ions  about t h e  
x-axis ,  

and a p p r o p r i a t e  one-sided d i f f e r e n c e  approximations;  
f o r  example, (18) . 
I m p l i c i t  P o r t i o n  

The prev ious  d i s c u s s i o n  d e a l t  with t h e  s teady-  
s t a t e  p o r t i o n  of the  c a l c u l a t i o n .  The t rea tment  a t  
t h e  boundar ies  was i d e n t i c a l  t o  t h a t  one might use  
f o r  an e x p l i c i t  nu-er ical  scheme. We cons ider  now 
t h e  remainder of t h e  a l g o r i t h m  and the  e f f e c t  of t h e  
i m p l l c i t  a lgor i thm on t h e  t rea tment  of t h e  boundary 
c o n d i t i o n s .  

A f t e r  t h e  computation of t h e  RHS (8) we proceed 
t o  t h e  i m p l i c i t  x-sweep (Eq .  ( 9 a ) ) .  Three-point 
c e n t r a l  d i f f e r e n c e  approximations f o r  the  der iva-  
t i v e s  a/ax and a2/ax2 produce a system of  block- 
t r i d i a g o n a l  equa t ions  

where L ,  M, and N a r e  4 x 4  mat r ices .  The p e r i o d i c  
boundary condi t ion  f o r  t h e  Couet te  flow (UI = U2, 
Ul = UI,~) appl ied  t o  (19) produces t h e  p e r i c  ' c  
b lock- t r id iagona l  system 

Although about  twice as cost1.y i n  computer time a s  
t h e  nonper iod ic  b lock- t r id iagona l  s o l v e r s ,  t h e  solu-  
t i o n  a igor i thms  f o r  (20) are a v a i l a b l e .  For t h e  
shock boundary-layer problem Eq. (19) i s  s t i l l  
a p p l i c a b l e ;  however, t h e  boundary c o n d i t i o n s  a r e  
UI = Ufree stream and UI = U I - ~  which produce t h e  
s y s  tern 

A f t e r  t h e  computation of AU* a t  t h e  i n t e r i o r  
mesh p o i n t s  we a r e  ready f o r  t h e  i m p l i c i t  y-sweep 
(Eq .  (9b) ) .  Again we use th ree-po in t  c e n t r a l  d i f -  
fe rence  approximations t o  t h e  s p a t i a l  d e r i v a t i v e s  
and, f o r  s i m p l i c i t y ,  we assume l o c a l l y  cons tan t  v i s -  
cous c o e f f i c i e n t s  ( l l b )  t o  o b t a i n  

For t h e  two sample problems (F ig .  1 )  we encoun- 
t e r  a r i g i d  w a l l  i n  t h e  y sweep. For example, i n  
t h e  Couet te  f low problem t h e  a p p l i c a t i o n  of (22) a t  
j = 2 i n t r o d u c e s  t h e  q u a n t i t y  

which r e q u i r e s  d a t a  a t  the  r i g i d  boundary j = 1. 
I f  we in t roduce  t h e  no-s l ip  boundary condi t ions  
(ul  = 0 ,  v1 = 0)  i n t o  B ,  S ,  and U (Eqs. ( A . 1 4 ) .  
( A . 1 6 ) ,  and (A.1)) 

Hence, we need approximations f o r  [ (y - i ) d e n ]  j, 
and [(k/c,)(-eAp/p2 + b e / ~ ) " ] ~ , ~  as f u n c t i o n s  of 
t h e  increments  o f  t h e  c o n s e r v a t i v e  v a r i a b l e  a t  t h e  
i n t e r i o r  p o i n t s  j = 2,3. Note t h a t  



and k t  an  a d i a b a t i c  w a l l  ( a ~ / a ~ j  = 0) wi th  
n o - s l i p  c o n d i t i o n s  (ujZl = vj=1  !-A) we o b t a i n  from 
(A.  7) 

I f  we use  a  one-sided 3-point d i f f e r e n c e  approxima- 
t i o n  f o r  t h e  normal d e r i v a t i v e  

- * 
and u s e  (26) and (27) we o b t a i n  where ckk and d k t  r e p r e s e n t  t h e  nonzero elements  

o f  t h e  " c a r r e c t i o n ' ~ m a t r i c e s  C, and D3. Simi la r  
c o n s i d e r a t i o n s  can  be included z t  t h e  upper boundary 
( j  = J)  . F i n a l l y ,  f o r  t h e  Coue t te  problem t h e  
i m p l i c i t  y-sweep r e q u i r e s  t h e  soLution of t h e  
b l o c k - t r i d i a g o n a l  system 

which p r o v i d e s  t h e  d e s i r e d  express ion  f o r  t h e  r i g h t  
s i d e  of  (25) .  Next we seek an approximation of  t h e  
r i g h t  s i d e  o f  ( 2 4 1 ,  A r e l a t i o n  between p r e s s u r e  and 
i n t e r n a l  energy a t  t h e  r i g i d  w a l l  can be ob ta ined  
from (A.8)  

and between p r e s s u r e  and t h e  v e l o c i t i e s  from t h e  
normal momentum e q u a t i o n  a t  t h e  w a l l ,  Eq. (16) .  I n  
t h e  p r e s e n t  c a l c u l a t i o n s  we have neglected t h e  
c r o s s - d e r i v a t i v e  terms i n  (16) t o  avoid t h e  c o u p l i n g  
wi th  a d j a c e n t  i mesh p o i n t s  a t  t h e  boundary. A 
more a c c u r a t e  approach, which a l s o  avo ids  t h e  
i m p l i c i t  coupl ing  of %djacen t  boundary p o i n t s ,  would 
be t o  t r e a t  t h e  c r o s s - d e r i v a t i v e  terms e x p l i c i t l y  
( i . e .  , a s  func t ions  of AtJn-'). This  l a t e r  approxi-  
mation was no t  t e s t e d  i n  t h e  present- c a l c u l a t i o n s  
and we proceed by n e g l e c t i n g  t h e  c r o s s - d e r i v a t i v e  
terms;  t h a t  i s ,  

The remaining boundary c o n d i t i o n s  f o r  t h e  shock 
boundary-layer problem a r e  combinat ions of those  
d i scussed  above and, t h e r e f o r e ,  a r e  nc; p resen ted  i n  
d e t a i l .  Again we use  th ree-po in t  one-sided d i f f e r e n c e  approx- 

i m a t i o n s  f o r  t h e  s p a t i a l  d e r i v a t i v e s  and coqbine 
(30) and (31) t o  o b t a i n  I V .  S t a b i l i t y  

The numerical  s t a b i l i t y  of t h e  a lgor i thm (8) 
was i n v e s t i g a t e d  by apply ing  it t o  t h e  model l i n e a r  
s c a l a r  convec t ive  (hyperbol ic)  equa t ion  

Note t h a t  and t h e  d i f f u s i v e  (parabol ic )  e q u a t i o n  

and r e c a l l  t h a t  n = 0 .at t h e  no-sl ip  boundary 
( i .  e .  , n l  = 0) ; thus  , (32) and (33) provide t h e  
e x p r e s s i o n  f o r  Aeln r e q u i r e d  i n  (24). I f  we now 
combine ( 2 3 ) ,  (24) ,  (251, (29) ,  (321, and (33)  we 
can w r i t e  

s u b j e c t  t o  

The i n e q u a l i t i e s  (39) a r e  t h e  c o n d i t i o n s  under which 
(38) is p a r a b o l i c .  



The d e t a i l s  of t h e  a n a l y s i s  a r e  presented i n  
Ref. 5. For example, i t  is shown t h a t  the  fac tored  
second-order-temporal-accurate algorithm, t h a t  is, 

appl ied  t o  (37) 

.is uncondi t ional ly  s t a b l e  f o r  5 > 0. Simi lar ly  i t  
is shown t h a t  when the  a lgor i thm is  applied t o  (38) 

the a lgor i thm is  uncondit ionally s t a b l e  f o r  the more 
s t r i n g e n t  condit ion 

I n  t he  numerical examples considered below we chose 
the  3-point-backward scheme (Table l ) ,  5 = 1/2, 
when second-order- teeora l  accuracy was desired.  

V. Added Higher-Order Diss ipa t ion  

I n  our  app l i ca t ions  wi th  c e n t r a l  s p a t i a l  d i f f e r -  
ence approximations, we have found i t  necessary t o  
add d i s s i p a t i v e  terms t o  damp t h e  shor t  wave lengths .  
W e  chose fourth-order terms which were appended t o  
t h e  a lgor i thm (9) a s  follows: 

The d i s s i p a t i v e  terms a r e  of  h tgher  order and conse- 
quently d~ not d i s rup t  t he  formal accuracy of t h e  
method. For t he  ca l cu l a t i ons ,  t h e  fourth deriva- 
t i v e s  i n  (45) were replaced by t h e  f fn i t e -d i f f e r ence  
approximations 

P (..cording t o  a l i n e a r  von Newmann s t a b i l i t y  analy- 
sis, the  s t a b l e  range of d i s s i p a t i v e  c o e f f i c i e n t s ,  
wx add wy ,  is 0 5 w 5 1 + 25 .  A t  mesh poin ts  adja-  
cent  t o  r i g i d  boundaries (e.g.,  j = 2 ,  Fig. l a )  t h e  
da ta  required f o r  mesh poin ts  "outside" t he  boundary 
( i . e . ,  U i , o  Eq. (46b)) were obtained by s e t t i n g  
P i , o  ' Pi ,2 ,  U i  = - U i  2, V i  -Vg,2, and 
e i , o  = ei,2 A[ mesh p&in t s  Adjacent t o  nonrigid 
boundaries, t h e  d i s s i p a t i v e  c o e f f i c i e n t s  were s e t  
equal  t o  zero. 

V I  . Numerical Resu l t s  

Couette Flow 

The. c a l c u l a t i o n  of unsteady flow between two 
i n f i n i t e - p a r a l l e l  wal l s  was chosen a s  an i n i t i a l  
t e s t  of t he  temporal as  well  a s  s p a t i a l  accuracy and 
s t a b i l i t y  of the  numerical a lgor i thm and boundary 
condit ions.  A 6x11 uniform g r i d  (I = 6 ,  J = 11) 
with per iodic  s p a t i a l  boundary condi t ions  i n  t he  
x-direction (Fig .  l a )  was used i n  t h e  ca lcula t ions .  
In the  f i r s t  c a l cu l a t i on  (Fig. 2) t h e  flow f i e l d  and 
upper boundary were i n i t i a l l y  a t  r e s t  and the  lower 
boundary had i n i t i a l  ve loc i ty  u, i n  i t s  own plane. 
The t r ans i en t  development of t he  ve loc i ty  p r o f i l e  
between the  two wa l l s  is shown i n  Fig. 2. The exact  
(incompressible) so lu t ion  (see ,  e .  g. , schl ich t ing8)  
is  shown f o r  comparison. The Courant number f o r  
t h i s  ca l cu l a t i on  was approximately one. I f  l a rge r  
Courant numbers a r e  used ( i . e . ,  g r e a t e r  At) ,  t he  
t r ans i en t  s o l u t i o n s  devia te  from t h e  exact  so lu t ion ;  
however, t he  c o r r e c t  s teady-s ta te  so lu t ion  was 
reached i n  a smal ler  number of time s t e p s  - f o r  a 
Courant number of 100 the  s teady-s ta te  so lu t ion  was 
obtained a f t e r  10 time s teps .  

The next example was chosen t o  show t h a t  accu- 
r a t e  temporal  so lu t ions  can be obtained a t  Courant 
numbers much g r e a t e r  than uni ty .  I n  t h i s  ciilcula- 
t i o n  the  lower wa l l  was moving wi th  s i n u s o i d d  
ve loc i ty  i n  i ts own plane. The time s t e p  A t  
was chosen a s  1/40 of the  period of t h e  o s c i l l a t i o n .  

Fig. 2 Flow formation i n  Couette motion: 
uo = 100 f t / s e c ,  h = ~ . l x l ~ - ~  f t  , A t  = 0 . 1 1 6 ~ 1 0 - ~  s e c ,  
t = nAt; i n i t i a l  da ta :  p = 0.00234 l b  s e c 2 / f t 4 ,  
T = 527.7 OR, p = 0 . 3 7 8 ~ 1 6 ~  l b  s e c / f t 2 ,  Reh = 6.2, 
Mach number = 0.09. 



Co4&iparison is made w i t h  t h e  e x a c t  ( incompress ib le )  
a n a l y t i c a l  s o l u t i o n 8  i n  Fig.  3. Although t h e  
Courant number 2or t h e  c a l c u l a t i o n  was 1 0 ,  t h e  
a g r c ~ ~ n e n t  w i t h  t h e  a n a l y t i c a l  s o l u t i o n  i s  good f o r  
t h e  e n  t i r e  per iod  of o s c i l l a t i o u .  

0 NUMERICAL 
--- SCHL:CHTING 

Fig.  3 Veloc i ty  d i s t r i b u t i o n  ( a f t e r  t r a n s i e n t  
decay) between a moving w a l l ,  u ( 0 , t )  = u, s i n ( w t ) ,  
and a s t a t i o n a r y  w a l l ,  u ( h , t )  = 0: uo = 100 f t / s e c ,  
h = 0 . 1 ~ 1 0 - ~  f t ,  A t  = 0 .116x10-~  sec, t = nAt; 
i n i t i a l  d a t a :  p = 0.0C234 l b  " s e c 2 / f t 4 ,  T = 527.7'  R, 
p = 0 . 3 7 8 ~ 1 0 - ~  l b  s e c / f  t 2 ,  U = 2 ~ / 4 0 h t ,  Reh  = 6 .2 ,  
Mach number = 0.09. 

Shock-Boundary-Layer I n t e r a c t i o n  

The second problem, F i g s .  l b  and 4,  p r e s e n t s  a 
more s e v e r e  t e s t  f o r  t h e  algori thm. A shock wave 
i n t e r a c t s  with t h e  boundary l a y e r  t h a t  deve lops  on 
t h e  f l a t  p l a t e .  I f  t h e  shock wave has s u f f i c i e n t  
s t r e n g t h  i t  w i l l  cause  boundary-layer s e p a r a t i o n  
(as d e p i c t e d  i n  f i g .  4 ) .  

T I D E N T  SHOCK 
REFLECTED 
SHOCK / 

SEPARATION REATTACHMENT 
POINT POINT 

Fig.  4 Sketch of shock boundary-layer i n t e r a c t i o n .  

The shock angle  3 (Fig.  l b )  was s e t  e q u a l  t o  
32.6' by proper  s e l e c t i o n  of  t h e  post-shock boundary 
c o n d i t i o n s .  The parameters  IL = 5 and IS  = 2 
were s e l e c t e d  s o  t h a t  X S H ~  = 0.16 f t. The f r e e -  
s t r e a m  Mach number was 2.0 and the  Reynolds number 
Re = 0 . 2 9 6 ~ 1 0 ~ .  

X~~~ 

The computat ional  mesh container '  32x45 mesh 
p o i n t s  (I = 32, J = 45) h r i t h  uniform aesh increments  
i n  t h e  x-coordinate  (Ax =- 0 .01  f t )  and an  exponen- 
t i a l l y  s t r e t c h e d  mesh i n  t h e  y-coordinate f o r  
j = 1 t o  33 and unifo.rm mesh spacing f o r  j = 34 t o  
45. The rnee'~ increments  i n  t h e  y-coordinate  v a r i e d  
from bymin 0.00010 f c  a t  t h e  p l a t e  t o  
bymx = 0.00639 f t  a t  j = 33 a s  determined by t h e  
formulae 

I n  g e n e r a l ,  t h e  s e l e c t i o n  of  ' t h e  g r i d  spacing 
depends on t h e  Reynolds number and t h e  Mach number.' 

No temporal  r e s u l t s  were a v a i l a b l e  f o r  compari- 
son; t h e r e f o r e ,  t h e  s t e a d y - s t a t e  wall-shear  v e l o c i t y  
and p r e s s u r e  d i s t r i b u t i o n s  a r e  compared (Fig. 5) 
with t h o s e  of  MacCormack and ~ a l d w i n l '  who used t h e  
rap id-so lver  method of M a c C ~ r m a c k . ~  S imi la r  agree- 
ment was ob ta ined  i n  comparisons of v e l o c i t y  pro- 
f i l e s  through t h e  boundary l a y e r  (Pig. 6).  

2.0 

- PRES~NT CALCULATION (IMPLICIT) 
\ - --- MacCORMACK-BALDWIN (RAPID SOL \. ER] 

1.0 

X 

(a )  Veloci ty g r a d i e n t  a t  wal l .  

X 

(b) P r e s s u r e  d i s t r i b u t i o n  a t  wal l .  

F i g .  5 Comparison of computat ional  r e s u l t s  f o r  
shock-boundary-layer i n t e r a c t i o n  problem by i m p l i c i t  
( p r e s e n t  c a l c u l a t i o n )  and r a p i d  s o l v e r  ( ~ a c ~ a r m a c k ~  
and MacCormack and ~ a l d w i n l ' )  methods. M = 2.0, 
Re 

X~~~ 
= 0 . 2 9 6 x l 0 ~ ,  x ~ s  = 0 .16  f t, 32x45 mesh p o i n t s .  

30 1 - PRESENT CALCULATION (IMPLICIT1 
- - - -  MacCORMACK-BALDWIN (RAPID SOLVER] 

25 - Yi 

u x fthec 

Fig.  6 Ve10c;~ p r o f i l e s  through t h e  boundary l a y e r  
f o r  shock-bounde I-y-layer i n t e r a c t  ion :  (a) upstream 
of s e p a r a t i o n ;  (b) a t  maximum s e p a r a t i o n ;  and 
( c )  d k s t r p n  of k p a r a t i o n .  
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Computational E f fo r t  VII. Concluding Remarks 

A l l  c a l cu l a t i ons  were done on a CDC 7600 wi th  
av FTN 4.5 l e v e l  414 compiler and required only 
small core  s to rage  ( f o r  g r i d s  up t o  6 4 x 5 0 ) .  Based 
on =he shock-boundary-layer ca l cu l a t i ons ,  tSe c o w  
pu ta t iona l  time (CP seconds) per  mesh point  per  time 
s t ep ,  t h a t  is, 

CP seconds 
f =  I x J x number of time s t eps  

was r~~ = 4.6~10-' sen which compares favorably 
with t he  ca l cu l a t i on  time f o r  che inv i sc id  Eulerian 
equations4 T E  = 3 . 2 ~ 1 0 - ~  see .  The c a l c u ~ a t i o n s  f o r  
the  shock-boundary-layer equat ions  required l e s s  
than 100 time s t e p s  t o  reach a steady s t a t e  and t h e  
maximum Courant number was approximately 170. 

The d is t inguiqhing  f ea tu re s  of t he  second-order 
method described here in  include t h e  r e t e n t i o n  of t he  
conservation-law form, a d i r e c t  de r iva t ion  of t he  
bas ic  scheme, t h e  s impl ic i ty  of  t he  computational 
dlgoritbm, t h e  use of general ized time d i f ferencing ,  
t he  "delta" formulat ion,  and the  second-order t r e a t -  
ment of t he  mixed s p a t i a l  d e r i v a t i v e s .  

The i m p l i c i t  algori thm and numerical examples 
considered i n  t h i s  paper a r e  l imi t ed  t o  a Car tes ian  
coordinate sysLem with a uniform mesh o r  an exponen- 
t i a l l y  expanded mesh i n  one d i r e c t i o n .  However, 
under an a r b i t r a r y  time-dependent coordina te  trans-  
formation, Eq .  (1) r e t a i n s  the  same conservation 
form. l 1  Extensions of t he  (Cartesian) imp l i c i t  
scheme c!escribed above have r ecen t ly  been made f o r  
both invisc id l ' ,  l and viscous12 compressible flows 
w i t h  a r b i t r a r y  (two-dimensional) body geometries. 

APPENDIX 

The vec to r  of conserved va r i ab l e s ,  U, and f l ux  vec tors  of E q .  (1) a r e  

(A.  5) 

where u, = au/ax, etc .  The p r imi t ive  va r i ab l e s  a r e  dens i ty ,  p; v e l o c i t y  components, u and v; pressure ,  p;  
and t o t a l  energy per u n i t  volume e .  I n  addi t ion  

k is t h e  c o e f f i c i e n t  o f  hea t  conductivi ty,  i and u a r e  the  viscous c o e f f i c i e n t s ,  which a r e  i n  general  
funct ions  of the  temperature, T 

where $, is the  s p e c i f i c  heat  a t  constant volume. The pressure,  p ,  is given by the  equation of  s t a t e  

wheke y is the r a t i o  of specific heats. 



The v e c t o r s  V1, V2, W1, and W2 can be r e w r i t t e n  i n  terms of the conserva t ive  v a r i a b l e s  as 

(A. 11) 

(A. 13.) 

Al tho lqh  express ions  (A.?) - (A.12) a r e  more complex than ( A .  4) and (A.  5 ) ,  they a r e  used only i n  the  ana- 
l y t i c a l  e v a l u a t i o n  of t h e  Jacobians  and a r e  n o t  computed numer ica l ly .  

The Jacobian m a t r i c e s  A ,  B ,  R ,  and S ( E q s .  ( 4 ) )  a r e  

(A. 13) 

(A.  14) 

I (A + 2u) 1 0 0 

I I I (A. 15) 

I 0 I IJ I 0 

d- - -- - - I--- 
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I 
0 I 0 1 0 

-vu I 51 I 0 

s = ,-,-I I I I (A. 16) 
-(A + 2p)v  I 0 1 ( A + ~ u )  1 0 

- ( A  + 2 , ~  - k/c,)v2 - (p - k/c,}u2 - (k/c,)(e/p) 1 (P - k/cV)u I ( A  + 2~1 - k/cV)v 1 k/cV : I  
and, i f  we neglect t he  dependence of X and u on t (SZL Sect ion 11) , the Jacobian's  P and Q combined 
with Rx and Sy, Eq. (9), a r e  

and 
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